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ABSTRACT. We shall consider a genus two curve for cryptography,
that is an equation of the curve contains y-term. Sigma function
related to the curve is constructed by means of recurrence relations
in the form of a power series in coordinates of Jacobian variety and
parameters of the curve. Explicit expressions of the addition law
in terms of (i) Abelian functions and (ii) coordinates of two points
will be presented.

1. INTRODUCTION

We consider a family of genus two curves V which are of great interest
in hyperelliptic cryptography. These are curves of the form

(1) 0= f(z,y) = —y* + 2" + y(mz® + ps + ps)
+ piot + pax® + pe” + psx + o,

In our consideration coefficients p = (1, ps, ts, f2, fa, te, Hs, [H10) are
complex variables in C®, and so (1) defines a family of curves over the
base C®.

The present paper is devoted to construction of sigma function re-
lated to curve (1) by means of the theory of multivariate sigma func-
tions developed by Leykin and Buchstaber in [1-4]. The theory is pro-
posed for a special class of curves called (n, s)-curves, and (2, 5)-curve
Vi)

(2) 0= fio5(z,w) = —w? + 2% 4+ M2 4+ X224 Xz + Mo

serves as the main example in [4].

Sigma function related to (1) is constructed by a new method, based
on a transformation from the known (2,5)-curve V(35 to the curve in
question, and is defined by the formula

(3) (i 1) = exp { 503 + 4a) (w3 + (13 + gy

— (508 A — g+ 2u0))a) b
1
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X 0,5 (w1 + 55 (13 + 4pa), us; M)

The expansion for o(u, u) is given in Appendix A. The reader could
find a similar expansion obtained by C. Eilbeck for a similar curve, see
http://www.ma.hw.ac.uk/Weierstrass/Hyp25/, though the curve in
the set of problem looks slightly defective in term pyz? + sz + ps
(taken with the opposite sign). So some coefficients in the expansion
and relations between Abelian functions differ from the obtained in this
paper.
Addition theorem for genus 2 curve goes back to Baker [5],

o(u+v)o(u—wv)
o(u)?o(v)?
= p11(w)p13(v) — Pra1(v)p1s(u) + p11(v) — Pra(u)
New results and generalization to hyperelliptic case can be found in
[6,7], a summary in [8, p.232]. Below an alternative method of con-
structing addition law is used. The method proposed firstly in [9],

where it is applied to a trigonal curve, gives a nice form of representing
an addition law, in the case of genus 2 curve )V we have with u4+v+w = 0

(4)

1 0 pis(u) —3(p113(w) — ppis(u) — ps) 91,1 (u)p1,3(u)

10 pi3(v) —3(pr1sv) — mprs(v) — ps) 01,1(v)91,3(v)
rank 1 0 pis(w) —i(pris(w) — mpis(w) —ps)  pra1(w)prs(w

0 1 pia(w) —3(pria(u) —pmeia(u) —ps)  @ra(w)® + 1l

0 1 pia(v) —5(p110(0) = pe1a(v) —ps)  911(v)* + pra(

0 1 pi1(w) —-(@1,1,1( ) — papra(w) — ps)  pra(w)? + p1s(w)

Here an adaptation to the curve V defined by (1) is given.

2. PRELIMINARIES

In this paper we focus on the curve V defined by (1), which is genus 2
hyperelliptic curve with five finite branch points, and one at infinity.
The curve is supposed not degenerate, that is its discriminant does
not vanish. However all constructions and computations are valid in
the case of degenerate curve. Homology basis {a, by, as, ba} is intro-
duced in the standard way, see for example [10, p.303]. The standard
cohomology basis consists of first kind differentials du = (duy, dus),

rdx dx

duy = — dus = —
and second kind differentials dr = (dry, dr3)" associated to the first
kind differentials, see [10, p.306] for definition. The latter are known

)

)
)

=4.



ADDITION LAW ON JACOBIAN OF GENUS TWO CURVE FOR CRYPTOGRAPHY

for genus 2 curve V(9 5) defined by (2) as in (10), and are obtained here
for curve V, see (9).

The Jacobian of a curve V is denoted by Jac(V), Abel’s map is
defined with the base point at infinity as

P(z,y)
A(P) = / du

oo

and also second kind integral

P(z,y)
A*(P) = / dr,

regardless of the singularity of dr at this point. The second kind inte-
gral is regularized through expansion at infinity, where

©) o= y= (1 Do 0+ e+ e

2 4 2

£©=(Zg) + /:(M) (a0 ")

Second kind integral relates to zeta function as follows, where points
(1,91), (w9, y2) form Abel’s preimage of u € Jac())

(B B 8 ag)?)et + 0 O(&ﬁ))-

Thus,

ri(wy, Y1) + (T, y2) = —Gi(u),
1
r3(x1,y1) + 1r3(22, y2) = —C3(u) + 5@1,1,1(@-

Thoughout the paper we use Sato weights as subscripts for conve-
nience. The weight shows an exponent with opposite sign of the lead-
ing term in expansion about infinity in parameter £, namely wgt z = 2,
wgty =5, wgt f(z,y) = 10, wgt p; = ¢, and wgt uy = —1, wgt ug = —3,
wgtr; = 1, wgtrg = 3. The theory we use here respects Sato weight,
so every expression is homogenious in the weight.

3. SIGMA FUNCTION FROM CURVE TRANSFORMATION

Suppose we find a transformation (z, w) +— (z,y) from a known curve
f(z,w,\) =0 to anew one f(x,y,u) =0, and also a transformation of
coefficients A\ — p. We need also cohomology bases on the both curves.
According to [2,3] a cohomology basis on a curve consists of ¢ first and
g second kind differentials such that the period matrix with respect to
these differentials is symplectic. There is a way which allows to obtain
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such a basis avoiding computation of periods. Let R = (du, dr)* be
the cohomology basis on the known curve, and R = (du,dr)" be the

basis on the new curve. Applying the transformations to R we obtain
a matrix 71" of linear transformation from R to R of the form

_ (T Tro
R=TR, where T = (T21 T22) .

Evidently, T2 = 0. Moreover, T is a symplectic matrix, that is T’
satisfies Legendre identity

R (0 J (01
rar=s 1= 7). a=(1 )

With the transformation defined above sigma-function transforms by
the rule

(6) o(u; pu) = exp (%ut(JTQEITgl)u>5(THu; Ap)).

4. TRANSFORMATION FROM (2,5)-CURVE

Curve (1) is obtained from (2) by the transformation

1 1
(1) w=y—5(ue’ +me+ps),  2=w+55 (0 + ),
and
(8)
1 2 1 1
M = - . 2 4
4= g+ 2#1#3 5M 5#1#2 40
1 1 2 3 3 s
e = - -2 =23 1
6 = Me + 2#1#5 + 4N3 25#2 50#1#2 200,“1”2 300
3., 1 2., 1, 1,
4 - _ 2,2z N
90 (/h + ,u2) (M4 + oHiks = FHy = FHiM2 = ok )
1 py 1o oa 0 Buipy  plue
A _ 2 - _ _
8 =15+ 511505 ~ 155~ To5H1H2 T To00 2000 32000
1,, 1 Lo 25 3 3 18
S 4 - e _ A
10 (Ml + ,UZ) (MG + o H1ks + 4 H3 25 50#1#2 200#1/12 300
3, ) 1 2., 1, 1,
- 4 - _ 22 B
+ 5z (i + 4n2) (u4 It = Sy = Shiie = ai )
gy By pips gy pSps o S pi°

A0 = o+ T = 308 T 5500 5000 20000 160000 3200000

1 1 4 1 3 4,2 6 8
= o5 (i + 4p12) (Ms g — Ao — gyl — A2 L )

20 2 125 1257172 1000 2000 32000
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4 6
1 Buipe )

1 2 2 1 2 2 3 3 2 92
JE— 4 — _ - - —
+ 507 (/~L1 + ,LLQ) (/,L6 + 2#1#5 + —u5 25,u2 50“1'%

200 800

2 5 5 40

By the method of [3], we find cohomology basis on V, which consists
of 2 standard first kind differentials, and 2 second kind differentials
associated to the first ones

+ 2_03(#% +4M2) (M4+ — 3 — —u% _ —Mfltz . _M%)«

dU3 1
o dug | T dz
(9) R= dri | 22 8y_f
drs 32% + (2p0 + 547) 2% + (pa + Fpaps)
Applying (7) and (8) to the cohomology basis on V(s 5
dus 1
~ dﬁl o z dz
(10) P=lam || 2 o
drs 323 + Mz

we figure out transformation matrix 7" such that R=TR. Actually,

T11=<1 21 0)> TQQZ( 1 21 0)

36 (K1 +4p2) 1 5501 +4p2) 1

Ty — ( o 72%(,“%+4M2)2 16 (K3 + 4pio) .
— 55 (11 + 4p2) (W(u? +4p)? — 3(paps + 2u4)) — 507 (17 + 4p1)?

Thus,

JTET, = —55 (17 + 4uz)(%ol(u?2+ 4#2)22— Hups + 2m)) ﬁ(uz +4p)?\
50z (1f + 4pi2) 16 (11 + 4p2)

Finally, we come to (6).

5. JACOBI INVERSION PROBLEM

Here we take into account the solution of Jacobi inversion problem,
that is Ry(x,y;u) and Rs(z,y;u) vanish simultaneously at the Abel’s
preimage (xg,yx), k = 1,2, of u, where

(11a) Ra(x,y;u) = - 93@1,1(“) - 91,3(“),
1
(11b) Rs(x,y;u) =2y + 5(@1,1,1(?0 — a1 (u) — pg)w

1

+ 5(@171,3@) — pagp13(u) — ,u5).
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The functions R4 and R4 are obtained from Klein formula

F(z,y, Tk, Yr) + 29y

(12) (& — )7

= xmk@l,l(U) + (33’ + .’L'k)plyg(U) + @3,3((])

which holds for two points (xy, yx) of the divisor of u , where

(z1,91) (72,y2) (z,y)
U:(/ du+/ du>—/ du,

and Klein bipolar is of the following form

F(z,y, z,w) = —y(p12® + paz + pis) — w(par® + psx + 1)
+ 222 (w0 + 2) + (] + 22)2%2° + (pa + pupis)z(z + 2)
+ g s + 2)? + (43 + 2p6) 72 + (s + piapis) (@ + 2) + 43 + 2qu0.

Formula (12) is expanded in the vicinity of infinity when (z,y) — oo in
parameter &, where (5) is applied. Function R, arises as a coefficient
at €% and Rs as a coefficient at £7°.

Only four Abelian functions 11, ©1.3, 91,11, and ;13 occur in (11),
we use them as a basis in the differential field of Abelian functions
on the Jacobian Jac(V). Equations (11) are solved for these basis
functions:

pr11(u) =21 + 23, pr11(u) = —QM + p1 (21 + x2) + 13,
(13) S
Y12 — Y221
@1,3(U) = —T1Z2, @1,1,3(U) = Qﬁ — U1T1T2 + Us.
1— 22

We use formulas (13) for computation of the basis Abelian functions
in terms of a divisor.

6. ADDITION FORMULAS

Here we obtain addition law from trilinear relation, see [7, p. 104],
by the method developed in [9].

o(u+ A))o(v + A())o(w + A(S))
$*(E)o(u)o(v)o(w)

where 1 is an entire function in & of the form, see [7, p. 79|
& .
v =ew (- [ 404D,

Function R is extracted from the expansion of Klein formula (12) as
a coefficient at £

(14)

= Re(2(€), y(§))

u+v+w:0’
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Proposition 6.1. Assume a rational funtion of order 3g =6 on V
(15) Re(z,y) = 2° + ary + agr® + ayr + o,

vanishes at 2g = 4 points (x,yx) and (zx,wg), k = 1,2, which are
Abel’s preimages of u and v in the Jacobian of V. Then

(ag,en)t = —(M(u) — M()) " (n(u) — 7(v)),

(16) 1
(a6, aa)" = M (u) (M(u) = M(v)) (n(u) = 7(v)) — 7(w),

where

M(u) = ( i,zj(u) _%E@Llﬁ(u) — mpr3(u) — M5§) 7

£
o11(u) —35(p10(w) — prp1a(u) — ps
m(u) = ( p1.1(w)p1,3(u) ) _

o1,1(u)? + p13(u)

Proof. We employ the relation in terms of (11)

(17) Rﬁ(xa y) - %&1R5<I,y; u)
— (x4 ag + mar + p11(w) Ra(z, y;u) = (1,2)Q(uw),

where
Q(u) = (ag, o)’ + M(u)(ag, )’ + 7(u).

By the assumption Rg(z,y) vanishes sumiltaneously with R4 (z, y; u)
and R5(z,y;u) on the preimages of u and v. This implies Q(u) = 0
and Q(v) = 0, which form a system of linear equations with respect to
{a1, ag, ay, ag}. And (16) solves the system. O

In fact, the function (15) has 3g = 6 zeros on V. Besides the sets
(i, 9i), (zi,w;) it vanishes at two more points (s;,t;), i = 1,2, core-
sponding to w € Jac(V) under Abel’s map. Then by the Abel’s the-
orem u + v + w = 0. The addition law on Jac(V) can be written
as

I, M(u) w(u)
rank | I, M(v) =(v)
I, M(w) m(w)

<4 =2g.

In the case of genus 2 curve it leads to (4).
Now we use (16) to obtain expressions for as

gg(u,v) vy — gg(u,v)
Gr(u,v)’ * 7 Golu,v)

&1:2
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where

Gr(u,v) = (@1 3(u) — g1, (U>)(
( 1,1(u) — p1,1(v)
2
Gs(u,v) = (@1 3(u) — o1 3(”))
(@1 1(u) = pr11(v ))(@1,3@)@1,1(’0) - @1,3(0)@1,1(10)7
Go(u,v) = (p11(u)* — p11(u)* + p13(u) — p1,3(v)) x
X (@1,1,3(“) —1,1,3(v) — pa(p1,3(u) — 91,3(1))))
- (@1,1(“)@1,3(“) - @1,1(”)@1,3(”)) X
X (@1,1,1(“) —o1,1,1(v) — pa (1,1 (u) — @1,1(1))))-
Here we use basis functions @11, 91,3, ©1.1,1, ©1,1,3 of arguments v and v.
It is enough to have a; as to obtain the addition law, which is written
for the same functions of —w = u + v.
In order to find addition law we expand (14) about infinity, where
& — 0, Since the relation holds for every &, we obtain an infinite se-
quence of equations, which are produced by a finite number of relations.
Given a multi-index v we denote p, = @, (u) + g, (v) + o, (w) subject to

u+v+w = 0. In the case #v = 1 we have p, = —(;(u) — (;(v) — G;(w),
1 =1,3. So we are able to find all ay, in terms of p,, namely

P11,1(w) = 111 (v) — a1, (w) — @1,1(0)))
) ©1,1,3( ) 01.13(v) — pa(p13(u) — @1,3(”))),

1
(18b) Q2 = _5(91,1 —p7 - mpl).
Coefficient of €73 gives the equation
1 1
(19) Ps + 5hL11 = Bagan — of — §(uf + 4p9)ay

From (18a) and (19) we find addition formulas in Frobenius-Stikelberger
form

(20a) Glu+v) = Gu) + Gv) —a,

(200)  Golu+v) = G) + Go(v) — 5 (91,11 (0) + p11(0))

1 1
— 5(91“61,1041 + oq (3062 — Oé% — 5(#% + 4/12))

APPENDIX A. EXPANSION OF SIGMA FUNCTION

Sigma function related to curve (1) has the following expansion
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3
1
o(tuy, tPus) = (u3 - %) 3 — @(M + dpg)ut’
1 1 2 2 7\ 7
24(M1M3 + 2p)ujus + 5= 5590 (17 + 4p2) + (s + 2pa) Jui |t

1
- < o (Bt + dpapis + 245+ (7 + dpa) (g + 2p1a) gy

(vt + 2 + 12y (s — ) + — (8(p6 + 24115 + 113)
TR LS s T V181440 \ MO 1S s

= O+ ) i+ 241) = (-4 )l )1+ O(e).

Also the expansion for sigma function related to (2,5)-curve (2) is
given below, cf. [7, p. 124]

u3 A Ay
o(tuy, tPug) = (u3 - gl)t?’ (1; utug + —— 560 1)t7

N s Neas A X6 As s
+(E”§_E“§“f 90" T 5670 )tg <6 Uy + U]

>\8 /\2 /\8 11 17/\2 )tll + O(tlg)

* 1260 ui + 10080 u Us ¥ 90048 T 1663200

APPENDIX B. RELATIONS BETWEEN ABELIAN FUNCTIONS

Relations between Abelian functions defined on the Jacobian of V
defined by (1) are obtained from the expansion of Klein formula as
explained in Section 5

(212) pri(u) = 6p11(u)® + 4o a(u) + (4 + 4pz) 1 (u)

+ 24 + paps,
(21b) p11,1,3(w) = 61,1 (uw)p1,3(u) — 2p33(u) + (/ﬁ + dpi2) p1,3(u),
(21c)  @1,133(u) = 2011 (u)ps3(u) + 4@1,3(“)2 + (24 + papiz) 1,3(w).

(22a) 91,33(u) = pr3(u)p11,1(w) — @11(w)p11,3(u),
©333(u) = (2@1,3@1,1 — 33+ %(N% + 4M2)K91,3)@1,1,1(U)
(22b) - (@1,3@) + 2@1,1(“)2 + %(M% + 4p2) 1,1 (w)
+ 5 (s + 244) ) 91.1,3(w).

(23a) @1,1,1(w)” =407, +4p11013 + 4ps3 + (15 + o)1
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+ (2paps + Apa) 11 + s + 2 s + 13,
(23b) 111 (u)p113(u) = 4@%,1@1,3 + 2@%,3 — 2011033

(15 A+ Ap2) 11013 + (pajis + 2004) 913 + 28 + pispis,
(23c) pr13(w)® = 401197 5 — 413033 + (15 + 4p2) 97 5 + Apiao + 3.

All relations are checked numerically with the expansion given in Ap-
pendix A
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