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1 Six generators

There is only one 6 generator nilpotent Lie ring of order p6:

(a,b,c,d,e, f|class 1). (6.1)

2 Five generators

Let L be a nilpotent Lie ring of order p®, where L is generated by a,b,c,d,e, L/L,
has order p°, and Ly has order p. If L is not abelian then L? has order p, and
the commutator structure is determined by an alternating bilinear map on the gve
dimensional vector space L/L? over Z,. So if L is not abelian the centre of L has
order p4 or p2.

2.1 L abelian

If L is abelian we have

{(a,b,c,d, e|ba,ca,da,ea,ch,db,eb, dc, ec, ed, pb, pc, pd, pe, class 2). (6.2)

2.2  The centre of L has order p4

We may suppose that L? is generated by ba, and that all other Lie products of the
generators (apart from ab) are zero. We may suppose that (a, b> is isomorphic to 3.2
or 3.3, so that we either have pa = pb = 0, or we have pa = ba, pb = 0. The centre
of L is generated by c,d,e,ba. If the centre of L has characteristic p then we have

(a,b,c,d,e|ca,da,ea,ch,db,eb,dc, ec,ed, pa, pb, pc, pd, pe, class 2), (6.3)

(a,b,c,d,e|ca,da,ea,ch,db,eb,dc, ec,ed, pa — ba, pb, pc, pd, pe, class 2). (6.4)



If the centre of L does not have characteristic p then we may suppose that pc = ba,
pd = pe = 0. Replacing a by a — c if necessary, we may suppose that pa = 0. This

gives
(a,b,c,d,e|ca,da,ea,ch,db,eb,dc, ec, ed, pa, pb, pc — ba, pd, pe, class 2). (6.5)

These three Lie rings are distinct, since 6.3 is the only one of characteristic p, and
6.5 is the only one in which the centre does not have characteristic p.

2.3  The centre of L has order p2
We may suppose that ba = dc and that
ca=da=ea=cb=db=¢eb=cc=ed=0.

So (a,b,c,d) is isomorphic to 5.5 or 5.6, and e is central. Thus we have pa = 0 or ba,
and pb = pc = pd = 0. We can also assume that pe = 0 or ba. However if pe = ba,
then replacing @ by a — e if necessary we may assume that pa = 0. So we have three
algebras:

(a,b,c,d,e|ca,da,ea,ch,db,eb,dc — ba, ec, ed, pa, pb, pc, pd, pe, class 2), (6.6)

(a,b,c,d,e|ca,da,ea,ch,db,eb,dc — ba, ec, ed, pa — ba, pb, pc, pd, pe, class 2), (6.7)
(a,b,c,d,e|ca,da,ea,ch,db,eb,dc — ba, ec, ed, pa, pb, pc, pd, pe — ba, class 2). (6.8)

These three Lie rings are distinct, since 6.6 is the only one of characteristic p, and
6.8 is the only one in which the centre does not have characteristic p.

3 Four generators

If Lis a four generator nilpotent Lie ring of order p® then L must be an immediate
descendant of 4.1, 5.2 or 5.3. (The algebras 5.4 ” 5.7 are all terminal.)

3.1 Descendants of 4.1

Let L be an immediate descendant of 4.1. Then L is generated by a,b,c,d, and Lo
has order p2. So the derived algebra L? has order 1 or p or p2.

3.1.1 L abelian

If L is abelian then we have

{a,b,c,d|ba,ca,da,ch,db,dc, pc, pd, class 2). (6.9)



3.1.2  L? has order p

If L? has order p then we may assume that L?is generated by ba, and we may assume
that
ca =da=cb=db=dc=0,

or that
ca =da=cb=db=0, dc = ba.

First suppose that ca = da = ¢b = db = dc = 0. Then the centre of L has order
p* and equals (c,d) + Ly.

If pc,pd are linearly independant then we may assume that pc = ba, and that Lo
is generated by ba,pd. Furthermore, subtracting suitable linear combinations of ¢, d
from a,b we may assume that pa = pb = 0. So we have

{(a,b,c,d| ca,da,cb,db, dc, pa, pb, pc — ba, class 2). (6.10)

Next suppose that pc,pd span a space of dimension at most 1. Then we may
assume that pd = 0, so that the subalgebra <6L, b, C> must have order p5 and derived
algebra of order p. So (a,b,c) is isomorphic to one of 5.9  5.13. So we have

(a,b,c,d|ca, da, cb, db, de, pb, pc, pd, class 2), (6.11)

(a,b,c,d|ca, da, cb, db, de, pb — ba, pc, pd, class 2), (6.12)
{a,b,c,d|ca, da, cb, db, de, pb, pc — ba, pd, class 2), (6.13)

{(a,b,c,d|ca, da, cb, db, de, pa, pb, pd, class2), (6.14)
(a,b,¢,d| ca, da, cb, db, de, pa — ba, pb, pd, class 2). (6.15)

Note that in 6.11 and 6.12 the centre of L has characteristic p, whereas this is not
the case in 6.13 ~ 6.15. Furthermore pL has order pin 6.11 and 6.14, but order p2 in
6.12, 6.13 and 6.15. Finally, 6.13 is not isomorphic to 6.15, since if we let C be the
centre of L then pC < L? in 6.13, but not in 6.15. So the algebras 6.11 ~ 6.15 are
distinct.

Next suppose that ca = da = c¢b = db = 0, dc = ba so that the centre of L is Lo.
We must have that at least one of pa, pb, pc, pd is not a linear multiple of ba. So we
may assume that pa is not a linear multiple of ba. Replacing b by b — aa for suitable
«, we may suppose that pb € Sp(ba). Similarly we may assume that pd € Sp(ba).
We would like to show that we can also assume that pc € Sp(ba). So suppose for the
moment that pc ¢ Sp(ba). Then we can gnd 3 # 0 such that p(c— Ba) € Sp(ba). We
let

ad = c+ Ba,
b = b+ fd,
d = c¢— Ba,
d = —b+ 3d.



It is straightforward to check that
ba = 2Bba=dc,
dd = dd==dV=0,
and that pb', pc, pd' € Sp(ba). So we may assume that pa ¢ Sp(ba), pb, pc, pd €

Sp(ba) as claimed. Scaling @ and b we may assume that pb =0 or ba. And similarly
we may assume that pc = 0 or ba, pd = 0. This gives four algebras:

(a,b,c,d|ca, da, cb, db, dc — ba, pb, pc, pd, class 2), (6.16)
(a,b,c,d|ca, da, cb, db, dc — ba, pb — ba, pc, pd, class 2), (6.17)
{(a,b,¢c,d|ca, da, cb, db, dc — ba, pb, pc — ba, pd, class 2), (6.18)

(a,b,c,d| ca, da, cb, db, dc — ba, pb — ba, pc — ba, pd, class 2).
However the fourth of these algebras is isomorphic to 6.17. To see this we let a' = a—d,
b =b,d =-b+c d =din the fourth algebra. It is easy to check that a',0/,c,d
satisfy the relations of 6.17.
To show that 6.16 ~ 6.18 are all distinct we grst note that pL has order p in 6.16,
but order p2 in 6.17 and 6.18. To show that 6.17 is not isomorphic to 6.18, we analyze
all possible generating sets a',b',c',d for L with

ba = dd,
dd = dd=bV=dbV =0,
and with pa’ ¢ L?, pb', pd, pd' € L?. Tt is straightforward to show that b’ must be

a linear multiple of b modulo Lo. Since pb # 0 in 6.17, whereas pb = 0 in 6.18, it
follows that these two algebras are distinct.

3.1.3  L? has order p?

The commutator structure of L must be the same as that of a four generator 6
dimensional Lie algebra over Z, with derived algebra of dimension 2. So we can
assume that L? is spanned by ba,ca, and we can assume that one of the following
four sets of relations are satisged:

cb = da=db=dc=0,

cb = da=dc=0, db=ba,

cb = da=dc=0, db=ca,

cb = da=0, db=ca, dc = wba.
The four class 2 Lie algebras over Zp degned by these four sets of relations are non-
isomorphic. And it follows that if L and M are two Lie rings of class 2 and order p°
satisfying diceerent sets of commutator relations from this collection of four sets, then

L cannot be isomorphic to M, whatever the power structures on L and M.
We consider each of these four sets of commutator relations in turn.



Casel First suppose that ¢cb = da = db = dc = 0. Note that d is central. The
subalgebra (a,b,c) must be isomorphic to one of 5.14  5.23, so if pd = 0 then we

have

{(a,b,c,d|cb, da, db, dec, pa, pb, pc, pd, class 2), (6.19)
{(a,b,c,d|cb, da, db, dc, pa — ba, pb, pc, pd, class 2), (6.20)
{(a,b,c,d|cb, da, db, de, pa, pb — ba, pc, pd, class 2), (6.21)
{(a,b,c,d|cb, da, db, de, pa — ca, pb — ba, pc, pd, class 2), (6.22)
{(a,b,c,d|cb, da, db, de, pa, pb — ca, pc, pd, class 2), (6.23)
(a,b,c,d|cb, da, db, de, pa — ba, pb — ca, pc, pd, class 2), (6.24)
{(a,b,c,d|cb, da, db, de, pa, pb — ba, pc — Aca, pd, class 2) (6.25)

with A # 0, where X and A\ ! give isomorphic algegbras ((p + 1)/2 algebras),
(a,b,c,d|cb, da, db, de, pa, pb — ba — ca, pc — ca, pd, class 2), (6.26)
(a,b,c,d|cb, da, db, de, pa, pb — wea, pc — ba, pd, class 2), (6.27)
(a,b,c,d|cb, da, db, de, pa, pb — aca, pc — ba — ca, pd, class 2) (6.28)

where 1+ 4a is not a square ((p — 1)/2 algebras). These algebras must be distinct,
since if a, 0, are any elements which span L modulo the centre of L, then (a’,¥, ')
is isomorphic to {(a,b, c).

If pd # 0 then L cannot be isomorphic to any of 6.19 ~ 6.28. Replacing a,b, ¢ by
a—Ad, b— ud, c—vd for suitable A, i,V we may assume that either pa = pb = pc = 0,
or pa, pb, pc span a one dimensional subspace D, with pd §§ D. Clearly we may
choose b, c so that pd = ca and so that pa, pb, pc are all linear multiples of ba. If pb
or pc is non-zero then, replacing a by a — b — ¢ for suitable (3,7 we may assume
that pa = 0. So, by suitable scaling we may assume that pd = ca, and that one of
the following sets of equations hold:

pa = pb=pc=0,

pa = ba, pb =pc =0,

pa = 0, pb=ba, pc=0,
pa = 0,pb=0, pc=ba,
pa = 0, pb=ba, pc = ba.

However the last two of these sets of equations give isomorphic algebras, as can
be seen by assuming that the last set of equations holds, and replacing a,b,c,d by
a,b—c,c—d,d. So we obtain the following four algebras:

{(a,b,c,d|cb, da, db, de, pa, pb, pc, pd — ca, class 2), (6.29)



(a,b,¢,d| cb, da, db, dec, pa — ba, pb, pc, pd — ca, class 2), (6.30)
{(a,b,c,d|cb, da, db, de, pa, pb — ba, pc, pd — ca, class 2), (6.31)
(a,b,c,d|cb, da, db, de, pa, pb, pc — ba, pd — ca, class 2). (6.32)

To see that these algebras are distinct, grst note that B = (b,c,d) + L? and
D = (d) + L? are characteristic subalgbras. In 6.29 pL has order p, but in 6.30 * 6.32
it has order p2. In 6.30 pB has order p, but in 6.31 and 6.32 it has order p2. If we let
M = L/pD then {(c+ pD,d+ pD) + M? is the centre of M, and in 6.31 this centre

has characteristic p, whereas in 6.32 it does not.

Case 2 Now consider the case when ¢b =da =dc =0, db = ba. If pL = {0} then
we have

{(a,b,c,d|cb, da, db — ba, dc, pa, pb, pc, pd, class 2). (6.33)

Next, consider the case when L has this commutator structure, and pL has order
p. Tt is straightforward to show that if a’,b’,c,d is any other set of generators of L
satisfying these commutator relations then we either have

ad = aa—vb+ fe+ (a—E&)d, (*))
¥ = ~b+4dd,

d = Xa+ pc+ M,

d = vb+éd

modulo L?, for some o, 3,7, 8, \, i, v, € with ap— B\ # 0 and v —6v # 0, or we have

a' = —va+ab-E&c+ Bd, ((**))
b = ~a+dc+ d,
d = b+ pd,

d = va+é&c+vd

modulo L2, for some o, 3,7,6, \, i, v, & with au — B\ — Av # 0 and v€ — v # 0. In
the grst of these

vVa' = (v€— ov)ba,
dd = (ap— BN\)ca,

and in the second

V' = (v€—dv)ca,
dd = (ap— B — \v)ba.

So we may assume that pL < Sp(ba), or that pL < Sp(ba + ca).



Suppose that pL < Sp(ba). Then if a’,b',c,d" generate L and satisfy the same
commutator relations as a,b,c,d, and if pL < Sp(b'd’), then o', b, c,d satisfy (*)
modulo L?. Note that this implies that Sp{b’,d’y = Sp(b,d), so that we may assume
that pb =pd = 0, or that pd =0, pb # 0. If pb = pd = 0 then we can choose «, 3, A\, i
in (*) so that pa # 0, pc = 0. Scaling, we may assume that pa = ba, and we have

{(a,b,c,d|cb, da, db — ba, dc, pa — ba, pb, pc, pd, class 2). (6.34)

And if pd = 0, pb # 0, then again we can choose «, 3, A, i in (*) so that pc = 0.
Scaling, we may assume that pa = 0 or ba, and that pb = ba. So we have

(a,b,c,d|cb, da, db — ba, dec, pa, pb — ba, pc, pd, class 2), (6.35)

{(a,b,c,d|cb, da, db — ba, dc, pa — ba, pb — ba, pc, pd, class 2). (6.36)

Next, suppose that pL < Sp(ba + ca). Now, if a',b',c/,d generate L and satisfy
the same commutator relations as a,b, ¢, d, and if pL < Sp(b'a’+c'a’}), then o', b, ¢/, d
satisfy either (*) or (**) modulo L?. As above, considering a',V',c,d’ satisfying (*)
we may assume that one of the following holds

pa # 0,pb=pc=pd=0,
pb # 0, pa=pc=pd=0,
pa # 0,pb# 0, pc=pd=0.
However if we suppose pb # 0, pa = pc = pd = 0, then ¢’ = —a+b, V' = —¢, ¢ =d,

d' = a + d satisfy (**) and also satisy pa’ # 0, pb' = pc’ = pd’ = 0. So, scaling we
have

(a,b,c,d|cb, da, db — ba, dc, pa — ba — ca, pb, pc, pd, class 2), (6.37)
{(a,b,c,d|cb, da, db — ba, dc, pa — ba — ca, pb — ba — ca, pc, pd, class 2).  (6.38)

Now let ¢cb = da = dc =0, db = ba and let pL = L?. First consider the case when
pb, pd are linearly independant. Replacing a,b,c,d by suitable generators a’,t',c,d’
satisfying (*) we may assume that pb = ba, pd = ca. If we now consider possible
generating sets satisfying (*), and in addition satisfying pb' = b'a’, pd' = c'a’, then
we require 0 =v =0, =1, au— A =1. Now write

() =2()
pd ca
with A a 2 X 2 matrix. If we replace a,b,c,d by a',b',c,d where

ad = aa+ fc+ (a—1)d,

b = b,
d = Xa+puc+ M,
d = d



and au — A =1, then

a f v 10 0 a—1
() 1))

If the grst column of A is non-zero, then we can pick «, 3,7, A, it so that

1 z
Ar—)(o y>

for some x,vy, and then taking o« =y, 4 = Oz_l, A = 0 we can transform this further
to

(G2 (D) ()=

So we may assume that £ =0, y =1, or that y =0 and £ =0 or —1.
. ) 0 z
Now consider the case when the grst column of A is zero, so that A = 0y

for some x,y. Then

s (5 YA (7 )+ (D)= (0 gt

If 7+ # —1 then we can take § =0, p=a~!

the zero matrix. And if £ = —1 and y # 0 then we can take g = 0 and transform A

, and choose a, A so that A transforms to
to the zero matrix. So we can take A to be one of the following matrices:
(1 0) (1 0) (1—1> <0—1> (0 0)
0o1r/)’\oo0/"\0oo0 J>\0O0 J7\LO0O0)"
So we obtain

{(a,b,c,d|cb, da, db — ba, dc, pa — ba, pb — ba, pc — ca, pd — ca, class 2),  (6.39)

{(a,b,c,d|cb, da, db — ba, dc, pa — ba, pb — ba, pc, pd — ca, class 2), (6.39)
(a,b,c,d|cb, da, db — ba, dc, pa — ba + ca, pb — ba, pc, pd — ca, class 2),  (6.40)
{(a,b,c,d|cb, da, db — ba, dc, pa + ca, pb — ba, pc, pd — ca, class 2), (6.41)
{(a,b,c,d|cb, da, db — ba, dc, pa, pb — ba, pc, pd — ca, class 2). (6.42)

We have now covered the case when pb, pd are linearly independant. If pb = pd =0
then pa,pc must be linearly independant (since we are assuming that pL has order
p?). But now if we let a',V,c,d satisfy (**) then pb’,pd’ are linearly independant,
and we are back to the previous case. So we may assume that pb and pd span a space
of dimension one, and by a change of generating set of the form (*) we may assume



that pb # 0, pd = 0. If pa, pc are linearly independant and a',b', ', d satisfy (**) then
pb',pd’ are linearly independant, and we are back to the previous case. So we may
assume that pa and pc span a space of dimension one, and by a change of generating
set of the form (*) with ¥ =0 we may assume that pa # 0, pc = 0. Summarizing, we
have pc = pd = 0, and using the fact that we are assuming that pL = L? we have pa
and pd linearly independant. Let

(5)=(F ) (o).

TS
where ( ‘u ) has rank 2. If we consider possible generating sets a’,b,c,d satis-

fying (*), with pc’ = pd’ = 0 then we have

d = aa+ fec+ (a—E)d,
¥ = b+ dd,

d = e,

d = ¢d

modulo L%, with o, v, b, € all non-zero. It is straightforward to check that such a
change of generating set transforms

()= GE)ET )

And if we consider possible generating sets a’, b, ¢, d' satisfying (**), with pc = pd' =
0 then
ad = ab-— &+ fd,
b = ~a+dc+d,
¢ = ud,
d = ¢&c

with «, 7, i, & all non-zero. This change of generating set transforms

r s a 0 u t L0
H 71 71 .
t u 0 ~ s T 0 a
If none of 7,8,%,u are zero then we can use either of these types of transformations
s, 11
t u 1 u )’
where u # 0. Since the rank of the matrix is two, we also have u # 1. If r = 0, but
S,T,u are non-zero then we can transform

(o)~ (V)

to transform



with the grst type of transformation, or to ( ) with the second type. Similar

10

considerations apply if any one of 7, 5,%,u is zero, with the other three being non-zero.

If two of 7,8,T,u are zero, then since the rank of is two, we can transform

t

u
r s 1 0 0 1 .
(t u)to (0 1>0r<1 0).80 we obtain p — 2 algebras

{(a,b,c,d|cb, da, db — ba, dc, pa — ba — ca, pb — ba — uca, pe, pd, class 2) (u # 0, 1),

(6.43)
and four other algebras
(a,b,c,d|cb, da, db — ba, dc, pa — ba — ca, pb — ba, pc, pd, class 2), (6.44)
{(a,b,c,d|cb, da, db — ba, dc, pa — ba — ca, pb — ca, pc, pd, class 2), (6.45)
{a,b,c,d|cb, da, db — ba, dc, pa — ba, pb — ca, pc, pd, class 2), (6.46)
(a,b,c,d|cb, da, db — ba, dc, pa — ca, pb — ba, pc, pd, class 2). (6.47)

Case 3 Now we consider the case when cb = da = dc =0, db = ca. Tt is straight-
forward to see that if a’,b’,c’,d generate L, and satisfy the same relations as a,b,c,d
then

a = aa+ b+ yc+dd,
b = ea+ b+ nc+ 0d,
d = Mc— )Xed,
d = —MBc+ had
modulo L? for some «,f,7,6,,(,n,0,\ with o — Be #0, A # 0. It a',V,c,d are
as above then
Vo' = (af— Be)ba+ (an+ B — ve — 6¢)ca,
dd = Ma¢ — Be)ca.

If pL =0 then we have
{a,b,c,d|cb, da, db — ca, dc, pa, pb, pc, pd, class 2). (6.48)

Next, consider the case when pL has order p. Clearly we may suppose that pL is
spanned either by ba, or by ca.

Suppose for the moment that pL is spanned by ba. If pc = pd = 0 then we may
choose a, 3,&,( so that pa’ # 0, pb' = 0. So we may assume that pb = pc = pd = 0,
and by scaling we may assume that pa = ba. This gives

(a,b,c,d|cb, da, db — ca, dc, pa — ba, pb, pc, pd, class 2). (6.49)

10



On the other hand, if pb and pc are not both zero, then we can choose «,f3,¢,( so
that pc’ # 0, pd' = 0. So we assume that pc = ba, pd = 0. Now, write pa = —7ba,
pb = —nba and let

ad = a+yc+nd,
b = b+nec,

d = ¢

d = d.

Then a',b,c,d satisfy the same commutator relations as a,b,c,d and pa’ = pb' =
pd =0, pd =ba'. So we have

(a,b,c,d|cb, da, db — ca, dc, pa, pb, pc — ba, pd, class 2). (6.50)

Next, consider the case when pL is spanned by ca. If pc = pd = 0 then just as
above we may suppose that pb =0, pa = ca, giving

(a,b,c,d|cb, da, db — ca, dc, pa — ca, pb, pc, pd, class 2). (6.51)

And if pc, pd are not both zero then we may suppose that pc = ca, pd = 0, and just
as above we may suppose that pa = pb = 0. So we have

{(a,b,c,d|cb, da, db — ca, dc, pa, pb, pc — ca, pd, class 2). (6.52)

Now consider the case when pL = L?. If pc = pd = 0 then we can assume that
pa = ba, pb = ca, giving

{(a,b,c,d|cb, da, db — ca, dc, pa — ba, pb — ca, pc, pd, class 2). (6.53)

If pc,pd span a space of dimension one then we can assume that pd = 0 and that
pc = ba or pc = ca. If pc = ba, then (as above) we let

ad = a+yc+nd,
b = b+rnc,

d = ¢

d = d.

where 7,7 are chosen so that pa’ and pb’ are linear multiples of ca. If pa # 0 then we
can replace b by b+ ca (and at the same time replace ¢ by ¢ — ed), where € is chosen
so that p(b-l—SCL) = 0. Then, by scaling, we may assume that pa = ca, pb =0, or we
may assume that pa = 0, pb = ca, or that pa = 0, pb = wca. Similarly, if pc = ca
then we can asume that pa = ba, pb = 0, or that pa = 0, pb = kba for some k # 0.
So we have

(a,b,c,d|cb, da, db — ca, dc, pa — ca, pb, pc — ba, pd, class 2), (6.54)

11



{(a,b,c,d|cb, da, db — ca, dc, pa, pb — ca, pc — ba, pd, class 2), (6.55)

(a,b,c,d|cb, da, db — ca, dc, pa, pb — wca, pc — ba, pd, class 2), (6.56)
{(a,b,c,d|cb, da, db — ca, dc, pa — ba, pb, pc — ca, pd, class 2), (6.57)
{(a,b,c,d|cb, da, db — ca, de, pa, pb — kba, pc — ca, pd, class 2) (k=1,2,...,p—1).
(6.58)

Finally consider the case when pc, pd span a space of dimension 2. Then replacing
a by a -+ yc+ dd and replacing b by b+ nc+ 0d for suitable 7,0,7,0 we may suppose
that pa = pb = 0. Then we can gnd new generators a’,b’,c’,d with

ad = aa+ b,

b = ea+ (b,

d = Xc— \ed,
d = —)\Bc+ Aad

such that pd = b'd', pd = dd, giving

{(a,b,c,d|cb, da, db — ca, dc, pa, pb, pc — ba, pd — ca, class 2). (6.59)

Case 4 Finally consider the case when ¢cb = da = 0, db = ca, dc = wba. We
consider possible generating sets a', b/, c,d for L, where a',b',c,d satisfy the same
commutator relations as a,b,c,d. It is straightforward to show that if ¢’ = a, ' = b,
then we either have ¢ = ¢ and d' = d modulo L? or we have ¢/ = —c and d' = —d
modulo L2. Tt is also straightforward to show that if @’ = a then d’' must centralize a,
so that d' = ca+Bd modulo L? for some o, B with B # 0. Finally, it is straightforward
to show that if we let

ad = aa+ b+ yec+dd,
b = Xa+ pb+ve+&d,
¢ = —wéa+ wrvb+ puc— Ad,
d = wéa—wyb— Pc+ ad
then d', b, c,d satisfy the same commutator relations as a,b,c,d. It follows that
we can take a’ to be any element outside L?, and (having gxed a') we can take b to

be any element outside the centralizer of a’. This gxes ¢/,d up to change of sign.
If pa =pb = pc=pd =0 then we have

{(a,b,c,d|cb, da, db — ca, dc — wba, pa, pb, pc, pd, class 2). (6.60)

If pa, pb, pc, pd span a space of dimension 1 then we can choose a so that pa # 0.
Then, replacing a,d by suitable elements in the span of a,d we may suppose that
pa # 0, pd = 0. Then, taking S =7=0=v =0, @ = 4 =1 in the above expressions
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for a',b',c,d', and with suitable choice of A, &, we can assume pb = pc = pd = 0.
Finally, replacing b by ub + vc for suitable u,v (at the same time as replcing c by
wvb + pc), we may suppose that pa = ba. This gives

{(a,b,c,d|cb, da, db — ca, dc — wba, pa — ba, pb, pc, pd, class 2). (6.60B)

Now suppose that pa,pb, pc, pd span a space of dimension 2. Then there is a two
dimensional subspace U < Sp(a,b,c,d) with pu =0 for all u € U. If the elements of
U commute with each other, then we can suppose that U is spanned by a,d, so that
pa = pd = 0 and pb,pc span a space of dimension 2. And if the elements of U do not
all commute with each other then we may suppose that U is spanned by a,b, so that
pa = pb =0 and pc,pd are linearly independant.

First, consider the case when pa = pb = 0, pc, pd are linearly independant. Then

if we set
ad = oa+ (b,
b = Xa+ ub,
d = pc— A,
d = —Bc+ad

for some «, 3, A, pu with apu— S # 0, then o', 0, ¢/, d generate L and satisfy the same
commutator relations as a,b,¢,d. Furthermore pa’ = pb' = 0 and pc’, pd’ are linearly
independant. It is straightforward to check that

vVa' = (ap— BA)ba,
dd = (au— BN)ca.

So we can choose «, 3, A, i so that pc’ = xb'a’, pd = ycda' for some x,y. So we may
suppose that pa = pb =0, pc = xba, pd = yca. Then letting o' = aa, b’ = ub, ¢ = uc,
d' = ad, we have

pc = ppc = prba = za 'b'd,
pd = apd = ayca=yu 'dd.
So we may suppose that pa = pb =0, pc = ba, pd = ca, giving
{(a,b,c,d|cb, da, db — ca, dc — wba, pa, pb, pc — ba, pd — ca, class 2). (6.61)

Finally, consider the case when pa = pd = 0, pb, pc are linearly independant. We
let
pb\ _ A ba
pc | ca

13



for some non-singular 2 X 2 matrix A. If a’,0’,c,d generate L and satisfy the same
commutator relations as a,b,c¢,d and in addition satisfy pa’ = pd’ = 0 then

d = aa+dd,
V¥ = Xa+ pb+ve+&d,
¢ = £(—wéa+ wrb+ pc— Ad),

d = +(wda+ ad)

modulo L2 Tt is straightforward to check that this implies that

(le )= (o %) (i ) (2 22 ()
(he)=(o &) (5 7)a(m):

So, if we replace a,b,c,d by a',b',c',d' then the matrix A transforms to

() (8 ) ) (L) (i)

For the moment consider the equivalence relation ~ on the set of non-singular
2 X 2 matrices given by the rule A ~ B if

v e 5\ JTR7 -
B = A
Wy —wd « Wy

o )
—wd «

and that

v
for some non-singular matrices ( (/j”/ “ ) and ( ) Using the fact that

14
non-singular matrices H “ form a group under matrix multiplication, we see
that A ~ B if .
v Q —0
wyY —wl «

o -

. . wov
for some non-singular matrices and
Wy —wl «

). Now note that if A

is non-singular, then we can gnd U,V so that
BV, 10
wr T \z oy

0
for some Z,y. So every equivalence class contains a matrix of the form ( . .

Y

1 0
Next, we investigate the conditions under which (x y can be equivalent to
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10 This i lies that
. 1S 1m 1€e8 a
z t P

uwov 10\ (10 Qo —0
wv zy ) \zt —wl «
for some p,v, @,0. But then @ =y + vz, and 6 = —vy. So
o -6\ [ pt+vr vy
—wl « o\ wry pu+ve )

(Note that this matrix is non-singular whenever at least one of u,V is non-zero.) So

v
the group of non-singular matrices ( 51/ i ) acts as a group of order p2 — 1 on the

1
set of non-singular matrices of the form ( z ), sending

10_)uy 10 w+ve vy !
Ty wr U Ty wry u+ve

1
The stabilizer of the matrix ( 0 ) is the set of matrices ( H v ) such that
Ty wv
nwov 10y (10 w+ve vy
Wy zy) \z vy wry w+ve |-
o < H v ) stabilizes ( 10 ) if
wv Ty

wr+ puxr = ur+ va? + wz/yQ,
py = py+2avy.

10
Note that y # 0 since ( r oy ) is non-singular. So if £ # 0 or y # %1 the stabilizer

has order p— 1. But if £ = 0 and y = £1 then the stabilizer is the whole group. So
there are 2 orbits of size 1, and the remaining orbits have size p+ 1: this implies that
there are p orbits in all.

Now we have to consider the fact that there is a change of generating set for L

which transforms

()= G ) GG h )= )

However, it turns out that
1 0 1 0
Ty -z y )’

15



since
—w -2+ y’w 2z 1 0 —w+ 22 +9%w 22y -
20w —w — 12 + y?w Ty 2xyw —w + 2% + yw

So the p equivalence classes of non-singular matrices ( . ) under the equivalence

10 U v 10 w+vr vy -
T Yy wr U x Yy wry u+vx

correspond to non-isomorphic algebras. Thus we have the following algebras (with

relation

T,y to correspond to representives of these equivalence classes)

{(a,b,c,d|cb, da, db — ca, dc — wba, pa, pb — ba, pc — xba — yca, pd, class 2). (6.62)

3.2 Descendants of 5.2

Let L be an immediate descendant of 5.2. Then L is generated by a,b,c,d, Ls is
spanned by pa modulo L3, and Ls is spanned by p?a. We have pb, pc,pd € Ls, and
all commutators lie in L3. Replacing b by b— apa for suitable & we may assume that
pb =0, and we may similarly assume that pc = pd = 0. Note that B = (b,c,d) + L3
is a characteristic subalgebra, and that B is abelian if and only if (b, ¢, d) is abelian.

3.2.1 L abelian

If L is abelian then we have

{(a,b,c,d|ba, ca, da, cb, db, de, pb, pc, pd, class 3). (6.63)

3.2.2  (b,c,d) abelian

Tt (b,c,d) is abelian, but L is not abelian then we may assume that ba = p?a, and
that ca = da = 0, so we have

{a,b,c,d|ba — p’a, ca, da, cb, db, dc, pb, pc, pd, class 3). (6.64)

3.2.3  (b,c¢,d) non-abelian

1t (b,c,d) is not abelian, then we may assume that cb = p*a, db = dc = 0. Replacing
a by a — b — ~yc for suitable 3,7 we may suppose that ba = ca = 0. Scaling d we
may suppose that da = 0 or p?a. So we have

{a,b,c,d]|ba, ca, da, cb — p®a, db, dc, pb, pc, pd, class 3), (6.65)
{a,b,c,d]|ba, ca, da — p*a, cb — p®a, db, dc, pb, pc, pd, class 3). (6.66)
These two algebras are distinct, since in 6.65 the centre has order p4, but in 6.66 it

has order pz.
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3.3 Descendants of 5.3

Let L be an immediate descendant of 5.3. Then L is generated by a,b,c,d, Lo is
spanned by ba modulo L3, and Ls is spanned by baa, bab. We have pa, pb, pc, pd € Ls,
and all commutators other than ba lie in L3. The commutator structure of L must
correspond to one of the algebras 6.8  6.10 from the list of nilpotent Lie algebras over
Zp of dimension 6. So we may assume that one of the following sets of commutator
relations holds.

bab = ca=da=cb=db=dc=0,
bab = c¢b=da =db=dc=0, cb= baa,
bab = ca =da = cb=db=0, dc = baa.

Note that algebras satisfying these three sets of commutator relations have centres of
order p3, p2 and p respectively.

3.3.1 Case 1

First suppose that bab = ca = da = ¢b = db = dc = 0. Then ¢ and d are central. If
pc = pd = 0 then
L=M®& {c|pc=0)a(d|pd=0)

where M is an immediate descendant of 3.2 of order p4. So we have

{(a,b, c,d| bab, ca, cb, da, db, dc, pa, pb, pc, pd, class 3), (6.67)
{(a,b,c,d| bab, ca, cb, da, db, dc, pa — baa, pb, pc, pd, class 3), (6.68)
{(a,b,c,d| bab, ca, cb, da, db, dc, pa, pb — baa, pc, pd, class 3), (6.69)
(a,b,c,d|bab, ca, cb, da, db, dc, pa, pb — wbaa, pc, pd, class 3). (6.70)

On the other hand, if pc,pd are not both zero then we may assume that pc = baa,
pd = 0. Then subtracting suitable multiples of ¢ from a@,b we may suppose that
pa = pb=0. So we have

{(a,b,c,d| bab, ca, cb, da, db, dc, pa, pb, pc — baa, pd, class 3). (6.71)

The algebras 6.67 ~ 6.70 are distinct, since they are of the form M @ (c¢|pc = 0) ®
(d|pd = 0) with distinct M. And 6.71 is diccerent from 6.67 ~ 6.70 since in 6.67 ~
6.70 the centre (c,d, baa) has characteristic p, and in 6.71 pc # 0.
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3.3.2 Case 2

Now suppose that bab = ¢b = da = db = dc = 0, ¢b = baa. Here d is again central
and (a,b,c) is isomorphic to one of 5.32 * 5.36. We may suppose that pd = 0 or baa,
but if pd = baa then by subtracting suitable scalar multiples of d from a,b,c we may
suppose that pa = pb = pc = 0 so that (a, b, c) is isomorphic to 5.32. So we have

(a,b,c,d|ca, cb — baa, bab, da, db, dc, pa, pb, pc, pd, class 3), (6.72)

(a,b,c,d|ca, cb— baa, bab, da, db, dc, pa — baa, pb, pc, pd, class 3), (6.73)
(a,b,c,d|ca, cb— baa, bab, da, db, dc, pa, pb — baa, pc, pd, class 3), (6.74)
{(a,b,c,d|ca, cb — baa, bab, da, db, dc, pa, pb — wbaa, pc, pd, class 3), (6.75)
(a,b,c,d|ca, cb— baa, bab, da, db, dc, pa, pb, pc — baa, pd, class 3), (6.76)
{(a,b,c,d|ca, cb— baa, bab, da, db, dc, pa, pb, pc, pd — baa, class 3). (6.77)

The algebras 6.72 ~ 6.76 are distinct since they have the form M @ (d|pd = 0) with
distinct M. And 6.77 is distinct from 6.72 ~ 6.76 since in 6.72 ~ 6.76 the centre
(d,baa) has characteristic p, and in 6.77 pd # 0.

3.3.3 Case 3

Finally suppose that bab = ca = da = cb = db = 0, dc = baa. Clearly the subalgebra
generated by a,bis isomorphic to one of 4.9 ¥ 4.12, so if pc = pd = 0 then we have

{(a,b,c,d| bab, ca, cb, da, db, dc — baa, pa, pb, pc, pd, class 3), (6.78)
(a, b, c,d| bab, ca, cb, da, db, dc — baa, pa — baa, pb, pc, pd, class 3), (6.79)
{a, b, c,d| bab, ca, cb, da, db, dc — baa, pa, pb — baa, pc, pd, class 3), (6.80)
(a,b,c,d|bab, ca, cb, da, db, dc — baa, pa, pb — wbaa, pc, pd, class 3). (6.81)

If pc and pd are not both zero then we may assume that pc = baa, pd = 0. Replacing
a by a — 7yc, d by d+ ~ba for suitable ¥ we may suppose that pa = 0. So we have

{(a,b, c,d| bab, ca, cb, da, db, dc — baa, pa, pb, pc — baa, pd, class 3), (6.82)

{(a,b,c,d|bab, ca, cb, da, db,dc — baa, pa, pb — baa, pc — baa, pd, class 3),  (6.83)
{(a,b,c,d|bab, ca, cb, da,db, dc — baa, pa, pb — wbaa, pc — baa, pd, class 3).  (6.84)

To show that these seven algebras are distinct we note that B = (b,c,d) + L? and
C = {(c,dy+ L? are characteristic subalgbras. The algebra L has characteristic p in
6.78, but not in 6.79 ~ 6.84. The subalgebra B has characteristic p in 6.79, but not
in 6.80 ” 6.84. And C has characteristic p in 6.80 and 6.81, but not in 6.82 ~ 6.84.

18



To see that 6.80 and 6.81 are distinct from each other we note that if ' = aa modulo
B, and if b’ = b modulo C, then in 6.80 we have

pb' = Bpb = o 2b'd'd,
and in 6.81 we have
pb' = Bpb = o 2wb'd'd’.

The same analysis shows that 6.82 ~ 6.84 are distinct.

4 Three generators

If Lis a three generator nilpotent Lie ring of order p6 then L must be an immediate
descendant of 3.1, or one of 4.2 ~ 4.5, or one of 5.8 “5.36.

4.1 Descendants of 3.1

We subdivide the descendants of 3.1 according to the oder of L2

4.1.1 L is abelian

If L is abelian then L is
{(a,b, c|ba,ca,ch, class 2). (6.85)

4.1.2  L? has order p

If L? has order p then we may suppose that L?is spanned by ba, and that ca = c¢b = 0.
If pc = 0 then we have
{a,b, c|ca,ch, pc, class 2), (6.86)

and if pc 75 0 but pcis a scalar multiple of ba then we may suppose that pc = ba, and
we have
(a,b,c|ca,ch, pc — ba, class 2). (6.87)

So suppose that pc ¢ (ba). Clearly, pa,pb,pc span a two dimensional space modulo
(ba), and so we may assume that pb,pc span a two dimensional space modulo (ba).
Replacing a by a — b — 7yc for suitable 3,7 we may suppose that pa € (ba). So we
may assume that pa = 0 or ba. So we have

(a,b,c|ca,ch, pa, class 2), (6.88)

{(a,b, c|ca,ch, pa — ba, class 2). (6.89)

To see that these four algebras are distinct we note that pL has order p2 in 6.86 and
6.88, and order p® in 6.87 and 6.89. If we let C' = (c) + Lo, then C'is the centre of L,
and pC < L? in 6.86 and 6.87, but pC £ L? in 6.88 and 6.89.
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4.1.3  L? has order p?

If L? has order p2 then we may suppose that L?is spanned by ba, ca, and that cb = 0.
Note that B = (b,c) + Ly is a characteristic subalgebra of L. We consider separately
the cases when pL has order p, p?, or p>.

pL has order p If pB = {0} then we have
{(a,b,c|cb, pb, pc, class 2). (6.90)
On the other hand, if pB # {0} then we can assume that pa = pc = 0, and we have

{(a,b,c|cb, pa, pc, class 2). (6.91)

pL has order p?> 1If pB < L? then pB must have order p, and we may suppose that
pb = Bba + yca for some (3,7 (not both zero), pc =0. If B # 0 then we can replace b
by Bb+ vyc, and after scaling @ we can assume that pb = ba. And if 8 = 0 then after
scaling @ we can assume that pb = ca. So we have

(a,b,c|cb, pb— ba, pc, class 2), (6.92)

(a,b,c|cb, pb — ca, pc, class 2). (6.93)

To see that these two algebras are distinct, consider the subalgebra C = (c) + Ls.
This is the unique subalgebra of characteristic p and order p4, and in 6.92 pB ﬁ CL,
whereas in 6.93 pB < CL.

So suppose that pB ﬁ L?. Then we may suppose that pb ¢ L?, and that pc € L?.
Replacing a by a — A\b for suitable A\ we can assume that pa € L2 So pa,pc span a
subspace of L? of dimension 1. If pc # 0 then we can replace a by a — uc for suitable
1 so that pa = 0. So we can assume that pa = 0 or that pc = 0. Suppose for the
moment that pa = 0 and that pc = ba + yca. If B # 0 then we can replace b by
Bb + ¢, so that pc = ba. And if § = 0 then after scaling a we can assume that
pc = ca. So we have

{(a,b,c|cb, pa, pc — ba, class 2), (6.94)

{(a,b,c|cb, pa, pc — ca, class 2). (6.95)

Finally, suppose that pc = 0 and that pa = ba 4 yca. If B # 0 then we can replace
b by b+ vyc, so that pa = ba. And if § = 0 then after scaling ¢ we can assume that
pa = ca. So we have
{(a,b,c|chb, pa — ba, pc, class 2), (6.96)
(a,b,c|cb, pa — ca, pc, class 2). (6.97)
In the four algebras 6.94  6.97 the subalgebra C' = (c¢) + Ly is a characteristic
subalgebra since it is the unique subalgebra of B of order p* with pC < L?. In
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6.96 and 6.97 pC = {0}, whereas pC # {0} in 6.94 and 6.95. Also pC < CL in
6.95, but pC £ CL in 6.94. To distinguish 6.96 from 6.97 we let D = (a,c) + Lo.
This subalgebra is characteristic since it is the unique subalgebra D of order p5 with

pD < L?. In 6.97 pD < DL but in 6.96 pD £ DL.

pL has order p® If pB < L? we may suppose that

(he)=4(c)

for some non-singular matrix A. If we let

(e)=r(2)

for some non-singular matrix P then
b’ 4 ba
( P ’ =PAP! / )
pc cda

pt'\ 1 ( Va
<pc’ ) = \PAP ( da > (A #0).

So by Theorem 6 we can choose P and A so that A is one of the following:

(o) ero (o) (V5)
(1)

where 22 — o — cis irreducible. Furthermore none of these matrices give isomorphic

and scaling a we have

or

1
algebras, except that if y # 0 then (

0
10
0 u ) So we have (p+1)/2 algebras

) gives an algebra which is isomorphic to
that given by (

{a,b,c|ch, pb — ba, pc — pca, class 2) (4 # 0, p, ™" give isomorphic algebras),

(6.98)
{(a,b,c|cb, pb— ba — ca, pc — ca, class 2), (6.99)
(a,b,c|cb, pb — wca, pc — ba, class 2), (6.100)
and (p—1)/2 algebras
{a,b,c|cb, pb — pca, pc — ba — ca, class 2) (z* — x — p irreducible). (6.101)
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If pB f L? then we may suppose that pb ¢ L? pc € L?. And replacing a by
a — b for suitable A we may supppose that pa € L2 Let pc = Sba + yca. If 8 # 0
then we can replace b by Bb+ 7yc, so that pc = ba. And if 8 =0 then we can scale a
so that pc = ca. So we may assume that pc = ba or ca. First consider the case when
pc = ba. Then replacing a by a — uc for suitable p we may assume that pa = vca.
Scaling b and ¢ we can take ¥ = 1. So we have

{(a,b,c|cb, pa — ca, pc — ba, class 2). (6.102)
Similarly, if pc = ca we have
(a,b,c|cb, pa — ba, pc — ca, class 2). (6.103)

To see that 6.102 and 6.103 are distinct we note that the fact that B is char-
acteristic and that pb € L?, pc € L? implies that C = (c) + Ly is a characteristic
subalgebra. In 6.102 pC' %« CL, but in 6.103 pC < CL.

4.1.4  L? has order p?
pL ={0} 1If pL =0 then we have
(a,b,c|pa, pb, pc, class 2). (6.104)

pL has order p If pL has order p then we may assume that pb = pc = 0. If
pa = Acb, then scaling a we can take A =1 and we have

{(a,b,c|pa— cb, pb, pe, class 2). (6.105)
If pa = Aba+ pca+veb where either A # 0 or ¢t # 0 then we can assume that pa = ba,
giving

{(a,b,c|pa— ba, pb, pe, class 2). (6.106)

Note that B = (b,c) + L? is characteristic, and that pL < B? in 6.105, but pL £ B?
in 6.106.

pL has order p? If pL has order p? then we can assume that pa and pb are linearly
independant, and that pc = 0. We let C' = (c) + L?. Note that C is a characteristic
subalgebra of L.

First suppose that pa,pb < CL. Then we can write

(3)=2(3)

for some non-singular matrix A. If we let

(v)=r(3)
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for some non-singular matrix P, and if we scale ¢ then

( ffb‘,' ) — \PAP ! < Zz, ) (A #0).

So by Theorem 6 we can take A to be one of the following:

(oh)wro (o) (V)
(V1)

where 22 — x — c is irreducible. Furthermore none of these matrices give isomorphic

or

1
algebras, except that if 4 # 0 then (

0
10
0 ut ) So we have (p+1)/2 algebras

) gives an algebra which is isomorphic to

that given by (

{a,b,c| pa — ca, pb — uch, pc, class 2) (u # 0, p, =" give isomorphic algebras),

(6.108)
{a,b,c|pa — ca — cb, pb — cb, pc, class 2), (6.109)
(a,b, c|pa — wcb, pb — ca, pe, class 2), (6.110)
and (p—1)/2 algebras
{a,b,c|pa — uch, pb — ca — cb, pc, class 2) (z° — x — p irreducible). (6.111)

Next, consider the case when pa,pb do not both lie in C'L. Then we can suppose
that pa ¢ CL, pb € CL. Let pb = aca + fcb. If o # 0 then we can replace a by
aa + (b so that pb = ca. And if &« = 0 we can scale ¢ so that pb = cb. Assume for
the moment that pb = ca. So we have

pa = Aba+ pca + veb,
pb = ca,
pc = 0,

for some A, i1,V with A # 0. Now let

d = a—vile
¥ = b+ puc,
d = e
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Then

pal — bla,l’
pb = dd,
pc = 0.
So we have
(a,b,c|pa— ba, pb — ca, pc, class 2). (6.112)

Finally, consider the case when

pa = Aba + pca + veb,
pb = cb,
pc = 0,

for some A, jt, v with X\ # 0. Let

d = a—vilc
V¥ = \b+ uc,
d = ¢
Then
pa’ ba,
pb = ¥V,
pc = 0
So we have
(a,b,c|pa— ba, pb— cb, pc, class 2). (6.113)

pL has order p® Let pa = Aba + pca + veb. If v # 0 we can scale a so that v =1,
and then replacing b by b+ pa, and replacing ¢ by ¢ — Aa we have pa = cb. On the
other hand, if ¥ = 0 we can choose b,c so that pa = ba. So we can always assume
that pa = c¢b or ba. We show that in fact we can always assume that pa = ba.

So suppose for the moment that pa = cb. Let

pb = aba+ Bea + yeb,
pc = Aba + pca + veb.

Note that if 5 = 0 then we can take o’ = b, b’ = —aa + ¢ and then pa’ = b'd’.
Similarly, if A = 0 we can take o' = ¢, b = —pa — vb and then pa’ = b'a’. So we
assume that 3 # 0, A # 0, and we let

a =a+1b+ sc
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We show that we can always choose 7,5 so that pa’ € La'. This means that we can
write pa’ = b'a’ for some ', which achieves our aim.
So let a' be as degned above. Then

pa' = (ra+s\)ba+ (rB+ sp)ca+ (14 ry+ sv)ch,
b’ = ba — scb,
ca’ = ca+rch.

So pa' € Ld if

—s(ra+sA) +r(rf+ su) =1+ ry+ sv.
We can rewrite this equation as
B(r+p)?—=ANs+o)P=r7

for some p, 0,7, and then Lemma 1 implies that there exist 7, s satisfying this equation.
So we may suppose that pa = ba. Let

pb = aba+ Bea + yeb,
pc = Aba + pca + veb.

and let
ad = ka,
b = b—la,
d = ra-+sb+te.
Then
pa’ = kba,
pb' = (a—1)ba + Bca+ ycb,
pd = (r+sa+t\ba+ (sB+tu)ca+ (s + tv)ch,
ba' = kba,
dad = ksba + ktca,
A = (—r—1s)ba — ltca + tch.

If v 0 then we let £ =7, s = —v, and we choose k so that kt = s+ tu, choose
[ so that —[t = 3, and choose 7 so that —r — s = a — [. Then

pa = bd,
p bl — CI bl ,
pd = 6bd +cd
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for some J. This gives p algebras
{(a,b,c|pa— ba, pb — cb, pc — kba — ca, class 2) (k=0,1,...,p—1). (6.114)

On the other hand, if v = 0 then [ # 0 since pa and pb must be linearly inde-
pendant. For any given k,l we let s =k '(a—1), t = k' so that pb' = c'd’. So,
replacing a,b,c by o', V', we have

pa = ba,
pb = ca,
pc = Aba + pca + veb

for some A, u,v. (Note the values of A, i, ¥ may have changed from those above.) We
let

ad = a,
¥ = b—la,
d = ra+sb+ec,
so that
pb' = —lba + ca,
pd = (r+ Aba+ (s+ p)ca+ veb,
ba' = ba,
cad" = sba+ ca,
AV = (—r—1s)ba — lca + cb.
If we let s = —I then
pa = bd,
pb = cd,

pd = (r+Aba+ (=l + u)ca + veb
W
(r+AX+rv—1v)ba+ (=l + p+ w)ea+ vdb'.

If v # +1 we can choose 7,1 so that pc’ = vc'b/. If v = 1 then we can choose 7 so that
pc = puca' + b, and if v = —1 then we can choose | = 1/2 so that pc’ = Nbv'a' — 'V
for some A. In other words, we can choose a,b,c so that

pa = ba,
pb = ca,
pc = wvcbor puca+ cb or Aba — cb
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for some A\, p, v # 0. If the above relations hold, and we let @’ = ka, b’ = b, ¢ = k!¢,
then

pa = bd,
pb = cdd,
pc = vl or pk7icdd + b or Nk =Y.

So we can take 4 =1and A =1 or w.
Consider the case when

pa = ba,
pb = ca,
pc = ca+ cbh.
Let ' =¢, b = —a—0b, d =a. Then
pa’ = ca+chb=1"Vd,
pb = —ba—ca=cd -V,
and we are back to 6.114.
Next consider the case when
pa = ba,
pb = ca,
pc = ba — cbh.

Let a  =c—b, b =a+c, ¢ =b. Then

pa’ = ba—ca—chb="bd,

pb! = 2ba—cb=—cd +2cV,

so we have 6.114 again.
Finally consider the case when

pa = ba,

pb = ca,

pc = vcb,

where v # +1. We let
ad = a+b+ c,
v+1

b = b+e,
d = ¢

27



so that
v

!
pa = ba+ca+y+1cb,
pb' = ca+ veb,
ba' = ba+ca+ cb,
v+1
da = ca+ cb,
Ay = cb.

This implies that pa’ = b'd’, pb’ = da' + (v — 1)V, so again we are back to 6.114.
This leaves the following possibilities:

pa = ba,

pb = ca,

pc = =cb or wba — cb

giving
(a,b,c|pa — ba, pb — ca, pc — cb, class 2), (6.115)
(a,b, c|pa—ba, pb — ca, pc+ cb, class 2), (6.116)
(a,b,c|pa— ba, pb — ca, pc — wba + cb, class 2). (6.117)

We need to show that the p+ 3 algebras 6.114 ~ 6.117 are distinct. First we show
that none of the algebras 6.115 ~ 6.117 have a set of generators a’,b’,c with

pa' =bd, pt = V. ((*))

This will show that 6.115 ” 6.117 cannot be isomorphic to any of the algbras 6.114.
First note that if a’, b, generate L and satisfy (*), then (*) still holds true if a' is
replaced by any scalar multiple of itself.

Let L be the algebra 6.115, and suppose that a’, b, ¢ satisfy (*). We aim to obtain
a contradiction. First assume that a' = a. Then, to ensure that pa’ = b'a’ we must
have b’ = b+ aa for some «, so that pb’ = aba + ca. Let ¢ = Aa + pb+ vc (where
necessarily v # 0). Then

b = (ap — N)ba + avca + veb

and since v # 0, p't #* . So we cannot have such a generating set with @' = a, or
with o' any scalar multiple of a.

Next consider the case when a' = a + b+ yc. To ensure that pa’ € a'L we need
v = [%/2. Now let

52
ad = a-{—Bb—i-?c,
¥ o= b+ Be,

d = c
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Then
ﬂQ
pa' = ba+ Bea+ ?cb.
pb = ca+ Beb,

pc = cb,
82
ba' = ba+ Bea+ Ecb,

da = ca+ Beb,
dY = cb.

So da', b, satisfy the same relations as a,b, ¢, and the argument above shows that
there are no generators a’,b”,c” such that pa’ = b"d’, pb' = "b". So there are no
generators a', b/, ¢ satisfying (*), where @' is a scalar multiple of a + [3b+ ~yc.
It is easy to see that if @’ = b+ yc then pa' ¢ a'L, so there are no generators
a', b, c satisfying (*) with @' equal to a scalar multiple of b+ yc.
Finally, let @’ = ¢, b’ = —b, ¢ = a. Then
pd = cb=Vd,
pb = —ca=cd,
pc = ba=/"cV.
" such that pa’ = b"d, pb' =
d'b". So there are no generators a',b,c satisfying (*), where a’ is a scalar multiple
of c.
Putting all this together, we see that 6.115 does not have a set of generators

By the argument above there are no generators a’,b”, ¢

a', b, c satisfying (*), and so 6.115 cannot be isomorphic to any of the algebras 6.114.
Similar arguments show that 6.116 and 6.117 cannot be isomorphic to any of the
algebras 6.114.

Next we show that the algebras 6.115 ~ 6.117 are distinct. To this end we consider
possible generating sets a’, b, ¢’ satisfying

pa' =b'd, pb' =cd. ((**))

Let L be the algebra 6.115. As above, we grst consider the case when a' = a. To
ensure that pa’ = b'a’ we require b’ = b+ aa for some «, so that pb' = aba + ca. Let
cd = Xa+ pb+ ve (where necessarily v # 0). Then

dad = pba+ vea,
At = (ap— Nba+ avea + veb,
pd = Aba + uca + veh

To ensure that pb' = c'a’ we require g = «, v = 1. Then
pc = 2\ — oA)b'd + V',
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so that a',b',d cannot satisfy the relations of 6.116 or 6.117. The same argument
as above then shows that no generators a’,b’,c for 6.115 can satisfy the relations of
6.116 or 6.117.

So 6.115 is not isomorphic to 6.116 or 6.117, and a similar argument shows that
6.116 is not isomorphic to 6.117.

Finally, we need to show that the p algebras 6.114 are distinct from each other.
The proof of this is similar to the ones just given. We consider possible generating
sets a', b, c for 6.114 satisfying (*), and we show that diceerent parameters k in 6.114
give diceerent algebras.

4.2 Descendants of 4.2

Algebra 4.2 has no immediate descendants of order p6.

4.3 Descendants of 4.3

If L is an immediate descendant pf 4.3 then L is generated by a,b,c, Lo is generated
modulo L3 by ba, and L3 is generated by baa,bab. Furthermore pa,pb, pc, ca,ch are
all linear combinations of baa, bab. The commutator structure on L must be the same
as that of one of 6.11 ~ 6.15 from the list of Lie algebras over Z, of dimension 6. So
we may suppose that one of the following sets of commutator identities hold:

ca = cb=0,

cb = 0, ca = bab,

cb = 0, ca = baa,

ca = bab, cb = wbaa.

4.3.1 Case 1

Assume that ca =cb=0. If pc =0 then L = M & (c), where M must be isomorphic
to one of 5.38 © 5.46. So we have

(a, b, c|ca, cb, pa, pb, pc, class 3), (6.118)
(a,b,c|ca, cb, pa — bab, pb, pec, class 3), (6.119)
(a,b, c|ca, cb, pa — wbab, pb, pc, class 3), (6.120)
(a,b,c|ca, cb, pa — baa, pb, pc, class 3), (6.121)
{(a,b,c|ca, cb, pa — baa, pb — \bab, pc, class 3), (6.122)
with A # 0 and A\, A\™! giving isomorphic algebras ((p + 1)/2 algebras),
(a,b,c|ca, cb, pa — baa — bab, pb — bab, pc, class 3), (6.123)
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(a,b,c|ca, cb, pa — baa — wbab, pb — bab, pc, class 3), (6.124)
{(a,b,c|ca, cb, pa — wbab, pb — baa, pc, class 3), (6.125)
(a,b,c|ca, cb, pa — abab, pb — baa — bab, pc, class 3), (6.126)

where 1+ 4« is not a square ((p — 1)/2 algebras).

On the other hand, if pc # 0 then we can assume that pc = bab, and subtracting
suitable multiples of ¢ from a,b we mays suppose that pa = abaa, pb = Bbaa for some
«,B. If B =0 then we can scale b and ¢ so that pa = 0 or baa. On the other hand, if
B # 0 then replacing a by @ — a3 'b we have pa = 0. Subtracting a suitable multiple
of ¢ from b again, we have pb = [Bbaa, and then scaling a and ¢ we can assume that
B =1o0r w. So we have

{(a, b, c|ca, cb, pa, pb, pc — bab, class 3), (6.127)
{(a,b, c|ca, cb, pa — baa, pb, pc — bab, class 3), (6.128)
{(a,b, c|ca, cb, pa, pb — baa, pc — bab, class 3), (6.129)
{(a,b,c|ca, cb, pa, pb — wbaa, pc — bab, class 3). (6.130)

4.3.2 Case 2

Next suppose that c¢b =0, ca = bab. Note that B = (b,c) + Ly and C = {c) + Lo are
characteristic subalgebras.
If pL = {0} then we have

(a,b, c|ca — bab, cb, pa, pb, pc, class 3). (6.131)

If pB = {0}, but pa # 0 then we consider the case when pa € B separately from
the case pa ¢ B. If pa € B then pa = Abab for some A # 0. Scaling b and ¢ we can
assume that A =1 or w. If pa ¢ B then we can assume that pa = baa. So we have

{(a,b,c|ca— bab, cb, pa — bab, pb, pc, class 3), (6.132)
{(a,b,c|ca— bab, cb, pa — wbab, pb, pc, class 3), (6.133)
(a,b, c|ca— bab, cb, pa — baa, pb, pc, class 3). (6.134)

Algebra 6.134 cannot be isomorphic to 6.132 or 6.133 since pL. < B in 6.132 and
6.133, but not in 6.134. To see that 6.132 is not isomorphic to 6.133 we consider
all possible generating sets a’,b’,c for L satisfying the same commutator relations as
6.132 and 6.133, and such that pB = {0}, pL < B.

Next consider the case when pC = {0} and pB # {0}. So pc =0, and pb # 0. If
pb € B then scaling a we may suppose that pb = bab. On the other hand, if pb ¢ B
then we may assume that pb = Abaa, and scaling a we may suppose that A =1 or w.
Now let pa = abaa + Sbab.
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Consider the case when pb = bab. We consider possible generating sets a’,b', ¢’ for
L satisfying the same commutator relations as a, b, c and also satisfying the relations
pb = ba't, pd = 0. It is easy to see that

!

a = Aa+ pbmodulo C,
¥ = X 'bmodulo C

for some A, with A # 0. So

pa’ = albaa + (B\ + p)bab,
pb' = X lbab,
ba'a = MNbaa + pbab,
ba't = X\ lbab.
So pa’ = ab'd'd' + A(BA+p—ap)b'd't!. If o # 1 we can choose pso that pa’ = ab'd'd,

and if & = 1 then we can choose A so that pa’ = V'd'd’ + B'V'a'b’ where 8/ = 0,1, or
w. So we have p algebras

{(a,b,c|ca— bab, cb, pa — abaa, pb — bab, pc, class 3) (0 < a < p), (6.135)

and
{a,b,c|ca— bab, cb, pa — baa — bab, pb — bab, pc, class 3), (6.136)
{(a,b,c|ca— bab, cb, pa — baa — wbab, pb — bab, pc, class 3). (6.137)

Next, consider the case when pb = baa. Once again, we consider generating sets
a', b, for L satisfying the same commutator relations as a,b, ¢ and also satisfying
the relations pb' = b'd'd’, pc’ = 0. It is easy to see that

a = =a modulo C,
b = Abmodulo C

for some A with A # 0. So

pa’ = =(abaa + Bbab),
pb' = Mbaa,
ba'd = Mbaa,

Va't = +)\%bab.

So
pa' = +a)'b'd'd + LAY .

Absorbing the =+ sign into A we can write
pa’ =aX"Wd'd + A2
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If @« # 0 then we can choose A = , and this gives p algebras
(a,b,c|ca — bab, cb, pa — baa — Bbab, pb — baa, pc, class 3) (0 < S <p). (6.138)

On the other hand, if @ = 0 we can choose A so that §=0,1, or w. So we have

(a,b,c|ca— bab, cb, pa, pb — baa, pc, class 3), (6.139)
(a,b, c|ca— bab, cb, pa — bab, pb — baa, pc, class 3), (6.140)
{a,b,c|ca— bab, cb, pa — wbab, pb — baa, pc, class 3). (6.141)

The case pb = wbaa is similar, and gives p algebras

(a,b,c|ca — bab, cb, pa — baa — Bbab, pb — wbaa, pc, class 3) (0 < B < p), (6.142)

and
{(a,b, c|ca— bab, cb, pa, pb — wbaa, pc, class 3), (6.143)
{(a,b, c|ca— bab, cb, pa — bab, pb — wbaa, pc, class 3), (6.144)
{(a, b, c|ca— bab, cb, pa — wbab, pb — wbaa, pc, class 3). (6.145)

Finally, consider the case when pC' # {0}. If pc € B then scaling ¢ we may
suppose that pc = bab, and if pc ¢ B then we may assume that pc = baa.

First consider the case when pc = bab. Subtracting a suitable multiple of ¢ from
b we may suppose that pb = Abaa. If A = 0 then subtacting a suitable multiple of
c from a we may suppose that pa = pbaa, and by scaling we can take g = 0 or 1.
But if A # 0 then we can subtract a suitable linear combination of b, ¢ from «a so that
pa = 0. So we have p algebras

{a,b,c|ca — bab, cb, pa, pb — \baa, pc — bab, class 3) (0 < \ < p), (6.146)

and
{(a,b, c|ca— bab, cb, pa — baa, pb, pc — bab, class 3). (6.147)

Note that if A = 0 in 6.146 then pL has order p, whereas pL has order p? in 6.147

and in 6.146 with A # 0. Also pB has order p?in 6.146 with A # 0, but pB has order

pin 6.147. To see that we get diceerent algebras in 6.146 for diccerent non-zero values
of A we let L be 6.146 for some A\ # 0, and we determine all possible generatings sets

a',b',c for L which satisfy the same commutator relations as a,b, ¢, and also satisfy

the relations pa’ = 0, pc’ = b'd’'b’. Tt is straightforward to check that

¢ = amodulo L?
¥ = Bbmodulo L?,
¢ = B%* modulo L?
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for some 3 # 0. So
pb' = Bpb = BAbaa = \b'd'd’.

And now consider the case when pc = baa. Subtracting suitable mulstiples of ¢
from @ and b we may suppose that pa = abab, pb = Bbab for some «, 3. We consider
all possible generating sets a’,b', ¢’ for L satisfying the same commutator relations as
a,b,c, and also satisfying pa’ = o/b'a’'t’, pb' = BV d'b for some o, 5, pd = bd'a. It
is straightforward to show that

d = Aamodulo L?
¥ = A\?bmodulo L?
¢ = Mcmodulo L?

for some A # 0. So

pa = Apa=a\ WdV,
pb = Npb= A3V .

First consider the case when 3 = 0. If p = 1mod4 then we can choose A so that
adt=0,1,w,w? or w?, and if p=3mod4 then we can choose A so that ax™ = 0,1
or w. If B # 0 and p = 1mod3 then we can choose A so that SA™% = 1,w or w?
and if p = 2mod 3 then we can choose A so that SA™2 = 1. This still leaves us the
freedom to replace o by aA™! for any A such that A> = 1. So the number of algebras
depends on the value of pmod12.

pmod 12 | algebras ‘
1 p+7
5 p+95
7 p+5
11 p+3

When 8=0and p=1mod4 we have gve algebras
{a,b,c|ca — bab, cb, pa — abab, pb, pc — baa, class 3) (o =0,1,w,w? w?), (6.148)
and when 5 =0 and p=3mod4 we have three algebras
(a,b,c|ca— bab, cb, pa — abab, pb, pc — baa, class 3) (a« = 0,1, w), (6.148A)
When  # 0 and p = 1 mod 3 we have p+ 2 algebras
{a,b,c|ca — bab, cb, pa — abab, pb — Bbab, pc — baa, class 3) (8 = 1,w,w?), (6.149)

where for a gxed value of (3, two values aq, 9 of « give isomorphic algebras if and
only if a3 = 3. And gnally, when 8 # 0 and p = 2mod3 we have p algebras

{(a,b,c|ca— bab, cb, pa — abab, pb — bab, pc — baa, class 3) (0 < a < p). (6.149A)
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4.3.3 Case 3

Next suppose that c¢b = 0, ca = baa. As above, note that C' = {(c) + Ly is a

characteristic subalgebra.
If pL = {0} then we have

(a,b,c|ca— baa, cb, pa, pb, pc, class 3). (6.150)
Next suppose that pC = {0}, but that pL # {0}. Let

pa = Abaa + pbab,
pb = vbaa + £bab.

If o',0,c generate L, and satsify the same commutator relations as a,b, ¢ then it is

straightforward to show that either

ad = oamodulo C, ((*))
¥ = Bbmodulo C,
¢ = afic moduloL?
or
a = fbmodulo C, ((**))
b = oa modulo C,
¢ = afc— afba modulo L?

for some «, 8 # 0. If d’, 0 satisfy (*) then

= apa = albaa + apbab = o BTN d'd' + B2 ub 'V,

!
pa
= Bpb = Brbaa + BEbab = o 2vb'd'd + a7 BTN A,

pbt’
and if a',b' satsify (**) then

ﬂpb — /Byba/a/ + Bé‘bab — _Offlﬂflgblalal _ a*Z]jblalbl

!
pd =
apa = albaa + apbab = —B2pbd'd — o' BTNV AY .

pb =
Clearly, if one of pa, pbis zero, then we may assume that pb = (0. Then we can choose

Bin (*) so that 8 ?u=0,1 or w, and once (3 is gxed, then we can choose « so that
o B *A=0o0r 1. Omitting the case A =y =0 (which gives 6.150) this gives

{(a,b,c|ca— baa, cb, pa — baa, pb, pc, class 3), (6.151)
{(a,b, c|ca— baa, cb, pa — bab, pb, pc, class 3), (6.152)
(a,b,c|ca— baa, cb, pa — baa — bab, pb, pc, class 3), (6.153)

35



{(a,b,c|ca— baa, cb, pa — wbab, pb, pc, class 3), (6.154)
(a,b,c|ca — baa, cb, pa — baa — wbab, pb, pc, class 3). (6.155)

So assume that pa and pb are both non-zero. First consider the case when A\ =& =
0. Then p and v are both non-zero, and using a change of generators of the form (*)
we may assume that (u,7) is one of (1,1), (1,w), (w,1), (w,w). If p = 1mod4 then
—1is a square, and using a change of generators of the form (**) we see that (1,w)
and (w,1) give isomorphic algebras. But if p = 3mod4 then —1 is not a square, so
that using a change of generators of the form (**) we see that (1,1) and (w,w) give
isomorphic algebras. So if p=1mod4 we have

(a,b,c|ca — baa, cb, pa — bab, pb — baa, pc, class 3), (6.156)
{(a,b,c|ca— baa, cb, pa — bab, pb — wbaa, pc, class 3), (6.157)
(a,b,c|ca — baa, cb, pa — wbab, pb — wbaa, pc, class 3). (6.158)

And if p=3mod4 we have

{(a,b,c|ca— baa, cb, pa — bab, pb — baa, pe, class 3), (6.156A)
(a,b,c|ca— baa, cb, pa — bab, pb — wbaa, pc, class 3), (6.157A)
{(a,b,c|ca— baa, cb, pa — wbab, pb — baa, pc, class 3). (6.158A)

Next consider the case when pa and pb are both non-zero, and one of A, § is zero,

and the other non-zero. Then we may assume that A # 0, £ = 0. This implies that

2

v # 0, so we can choose & so that & “v =1 or w, and then we can choose (3 so that

a 187X =1. So we have 2p algebras
{(a,b,c|ca— baa, cb, pa — baa — ubab, pb — baa, pc, class 3) (0 < u < p), (6.159)

(a,b,c|ca— baa, cb, pa — baa — pbab, pb — wbaa, pc, class 3) (0 < p < p). (6.160)

If \,€ are both non-zero, but gt = v = 0 then we can take A = 1 with (1,£) and
(1,71 giving isomorphic algebras. So we have (p+ 1)/2 algebras

{a,b,c|ca— baa, cb, pa — baa, pb — Ebab, pe, class 3) (€ #0, E~E 1), (6.160)

If \,€ are both non-zero, and exactly one of y,V is non-zero, then we may suppose
that 4 # 0, v =0, and we can take A =1, y =1 or w. This gives 2(p — 1) algebras

{(a,b, c|ca— baa, cb, pa — baa — bab, pb — Ebab, pc, class 3) (€ # 0), (6.161)

{(a,b,c|ca— baa, cb, pa — baa — wbab, pb — £bab, pe, class 3) (£ # 0). (6.162)

Finally consider the case when A, i, 7, £ are all non-zero. Then we can take A =1
and let £ take a value in S, where S is a set of representatives for the classes {&,&7'}
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of non-zero elements in Z,. We can also take gt =1or w. If £ € S and £ # %1 then
a change of generating set of the form (**) with aff = —& keeps A = 1 but changes
€ to £ ! which does not lie in S. So for each £ € S\{£1} we have 2(p — 1) algebras
with A=1, p=1or w, and v # 0. This gives (p — 1)(p — 3) algebras

{(a,b, c|ca—baa, cb, pa—baa—bab, pb—vbaa—Ebab, pe, class 3) (v # 0, £ € S\{*1}),
(6.163)

{(a,b, c| ca—baa, cb, pa—baa—wbab, pb—vbaa—E&bab, pc, class 3) (v # 0, £ € S\{£1}),
(6.164)
If A\=1,& = =1 then a change of generating set of the form (**) with af = —1

pxes A\, &, and changes the pair (u,v) to (—a v, —a?u). We consider four separate

cases:

1. p,v both squares,
2. [ a square, V not a square,
3. [ not a square, V a square,

4. W,V both not squares.

If p=1mod4 then —1 is a square and so a change of generating set of the form
(**) preserves cases (1) and (4), but interchanges cases (2) and (3) so we obtain

3(p— 1) algebras
{a,b,c]|ca — baa, cb, pa — baa — bab, pb — v*baa % bab, pe, class 3) (v #0), (6.165)
{a,b,c|ca— baa, cb, pa — baa — bab, pb — v*wbaa % bab, pc, class 3) (v # 0), (6.166)
{a,b,c|ca—baa, cb, pa—baa—wbab, pb—v*wbaa=+bab, pc, class 3) (v # 0). (6.167)

Finally, if p = 3mod4 then —1 is not a square so a change of generating set of
the form (**) interchanges cases (1) and (4), while preserving cases (2) and (3), so
we obtain 3(p — 1) algebras

{a,b,c|ca— baa, cb, pa — baa — bab, pb — v*baa + bab, pc, class 3) (v # 0), (6.165A)
{a,b,c|ca—baa, cb, pa—baa—bab, pb—v*wbaa = bab, pc, class 3) (v # 0), (6.166A)
{a,b,c|ca—baa, cb, pa—baa—wbab, pb—v*baa =+ bab, pc, class 3) (v # 0). (6.167A)
Now consider the case when pc = Abaa + pbab # 0. If we let a', b, satisfy (*)
then
pc =a AN d'd + 5 ubad'b,
and if we let a’, b, satisfy (**) then

pc = =B tub'd'd —a AV AV
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So if one of A, it is non-zero and the other is zero we may assume that A = 1 and
4 =0, and if both A\, it are non-zero then we may assume that A = 4 = 1. Subtracting
suitable multiples of ¢ from @ and b we may suppose that pa,pb are linear multiples
of bab.

Suppose that pc = baa and that pa = vbab, pb = Ebab. If we consider possible
generating sets a’,b’, ¢ for L satisfying the same commutator relations as a,b, ¢, and
satisfying pc’ = b'd'd’, pa’, pb' € Sp(b'a’l’) then it is straightofrward to check that

a = amodulo L?
b = pbmodulo L?,
¢ = Becmodulo L.

So

pd = pa=vbab = B2V,
pb' = PBpb= Bbab= B EHa'b .
If £ =0 then we can choose (3 so that S72v = 0,1, or w, giving

{(a,b,c|ca— baa, cb, pa, pb, pc — baa, class 3), (6.168)
{(a,b,c|ca — baa, cb, pa — bab, pb, pc — baa, class 3), (6.169)
(a,b,c|ca— baa, cb, pa — wbab, pb, pc — baa, class 3). (6.170)

And if £ # 0 we can choose 3 so that 871§ = 1, giving p algebras
{(a, b, c|ca — baa, cb, pa — vbab, pb — bab, pc — baa, class 3) (0 < v < p). (6.171)

Finally consider the case when pc = baa + bab, pa = vbab, pb = £bab. As above
we consider possible generating sets a’,b’,c for L satisfying the same commutator
relations as a,b,c, and satisfying pc’ = b'a’ad’ + b'a't!, pa’,pbt/ € Sp(b'a't’) then it is
straightofrward to check that

¢ = amodulo L?
¥ = bmodulo L?
¢ = cmodulo L3,
or
a = —b+&cmodulo L2
¥ = —a+vcmodulo L?
d = ¢—bamodulo L.

Clearly a change of generating set of the grst of these two kinds gxes 1,&, but a
change of generating set of the second of these two kinds swaps v,£. So we have

p(p+1)/2 algebras

(a,b,c|ca— baa, cb, pa — vbab, pb — £bab, pc — baa — bab, class 3) (0 < v <€ < p).
(6.172)

38



4.3.4 Case 4

Finally, consider the case when ca = bab, cb = wbaa. Once again, note that C' =
(c) + Ly is a characteristic subalgebra. It is straightforward to show that if a', b,
generate L and satisfy the same commutator relations as a,b, c then

a = oaa+ Bbmodulo C,
bV = +(wBa+ ab) modulo C,
d = (&> —whcmodulo L?

for some «, 3 which are not both zero. (In establishing this fact, we grst show that if
a' = a modulo C then b’ = b modulo C and ¢ = ¢ modulo L3. It follows from this
that 0’ and ¢’ are determined by a'.)

If pL = {0} then we have

{(a,b,c|ca— bab, cb — wbaa, pa, pb, pc, class 3). (6.173)

Now consider the case when pC = 0, but pL # {0}. If pL has order p then we may
suppose that pa # 0, pb = 0. Tt is straightforward to show that if a’,b’,c' generate
L and satisfy the same commutator relations as a,b,c, and also satisfy pb’ = pc’ =0
then

a = oamodulo C,
b = Zabmodulo C,
d = o’cmodulo L?

for some a # 0. So if pa = Abaa + pbab then
pd' = apa = albaa + apbab = a2 \b'd'd’ + o 2ub'd'b.
If ;4 # 0 then we can take 4 =1 or w and we get p+ 1 algebras

{a,b,c|ca— bab, cb — wbaa, pa — Abaa — bab, pb, pc, class 3) (0 < A < (p—1)/2),
(6.174)
{(a, b, c| ca — bab, cb — wbaa, pa — A\baa — wbab, pb, pc, class 3) (0 < A < (p—1)/2),
(6.175)
with A and —A\ giving isomorphic algebras. On the other hand if 4 = 0 we have to
distinguish between the cases p = 1mod4 and p = 3mod4. If p = 1mod4 then —1
is a square, so we have two algebras

{(a,b,c|ca— bab, cb — wbaa, pa — baa, pb, pc, class 3), (6.176)

{(a,b, c|ca — bab, cb — wbaa, pa — wbaa, pb, pc, class 3). (6.177)

But if p =3mod4 then —1 is not a square, so we have only one algebra

(a,b,c|ca— bab, cb — wbaa, pa — baa, pb, pc, class 3). (6.176A)
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Next consider the case when pC = {0} and pa,pb span a space of dimension two.

(5)=2(t)

for some non-singular matrix A. We let

We write

a = oaa+ Bbmodulo C,
V¥ = =£(wBa+ ab) modulo C,

and then Ya'd 5 ;
aa _ 2 2 (6% ad
( Va'y ) = o - wh) ( +wf *+a ) ( bab )
and ! 1 bl 1w
pa _ 1 aa
( pb’ ) = dap AP ( va't! )
where

a p
P:(j:wﬂ ia)'

The set of all matrices P of this form form a group G of order 2(p2 - 1), and the
isomorphism classes of algebras L with pC = {0} and pa,pb linearly independant
correspond to the orbits of the set of all non-singular 2 X 2 matrices A under the
action of G degned by setting

A= PAP L,

det P

We will show that there are p? + (p — 3)/2 such orbits when p = 1mod4, and
p?>+ (p— 1)/2 such orbits when p=3mod4. So we obtain

(a,b,c|ca—bab, cb—wbaa, pa — Abaa — pbab, pb — vbaa — Ebab, pe, class 3), (6.178)

A
where ( y ,lg runs over a set of representatives for these orbits. [It may help in

computing these orbit representatives to note that every orbit contains a representa-
tive with A=0o0r A =1]

We need to calculate the number of orbits of 2 X 2 matrices under the action of
G. For each P € G we count the number of non-singular matrices A such that

1

PAP! = A.
det P

Clearly this number is zero unless det(P) = 1 and PAP™! = A, or det(P) = —1
and PAP™! = —A. Note that det(P) = +(a® —wpB?). As (a, 3) runs through all
p? —1 possibilities other than (0,0), a® —wf? runs through all p—1 non-zero elements
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in Z,. If P= <55 g) and ) = (Z)5 i) then det P = det Q) if and only if

det(PQ™') = 1, and this implies that each possible value of a? —wf3? arises the same
number of times as the value 1. So each possible value arises p + 1 times. So there
are p+ 1 pairs (a, 8) with a? —wfB? =1, and p + 1 pairs with a? —wp? = —1.

a B

wf «
singular 2 X 2 matrices are centralized by P. If § = 0then P = £, and P centralizes
all (p?> — 1)(p? — p) non-singular 2 X 2 matrices. If 8 # 0 then P only centralizes
matrices of the form A + pP and so P centralizes p? — 1 matrices.
o g
—wf -«
matrices of the form Al 4+ pP, but we need to count the number of matrices of this

Now let P = with det P = 1. We need to count how many non-

Next let P = with det P = 1. Here, again, P only centralizes

form which are non-singular. Now
det(M + pP) = X2 — p20® + pPwp? = X2 + 1?2

since det P = 1. So if 4t = 0 there are p — 1 values of A with det(Al + uP) # 0, and
if 4 # 0 then there are either p — 2 or p values of A such that det(A + pP) # 0,
depending on whether p = 1mod4 or p=3mod4. So P centralizes (p—1)% or p? —1
matrices, depending on whether p = 1 mod4 or p = 3mod4.

Next, we consider matrices P with det P = —1, and for these we count non-

(6]
singular matrices A such that PAP '= —A If P = ( wp g ) then it is straight-

(6]
forward to show that there are no such A. Finally, if P = ( —wp /fa) and

det P = —1 then there are (p — 1)? such A.

It is now a simple calculation to show that the number of orbits is p? + (p—3)/2
if p=1mod4, and p?>+ (p—1)/2if p=3mod4.

Finally, consider the case when pC # {0}. We can then suppose that pc = bab,
and subtracting suitable multiples of ¢ from a and b we can suppose that pa = A\baa,
pb = pbaa for some A, . The only possible generating sets a’,b’,c for L satisfying
the same type of commutator and power relations as a,b, ¢ are of the form

d = amodulo C,
b = 4bmodulo C,
¢ = cmodulo L.

So we have p(p+ 1)/2 algebras
(a,b, c|ca — bab, cb — wbaa, pa — Abaa, pb — pbaa, pc — bab, class 3), (6.179)

where A\ and —A\ give isomorphic algebras for any given y, so that we get distinct
algebras if we let 0 <A< (p—1)/2,0< pu<p.
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4.4 Descendants of 4.4 and 4.5

Algebras 4.4 and 4.5 are terminal.

4.5 Descendants of 5.8

Let L be an immediate descendant of 5.8 of order pﬁ. Then we may suppose that
L is generated by a,b,c, that Lo is generated modulo L3 by pa,pb, and that Lj is
generated by p2a. Furthermore we may suppose that p2b = pc = 0, and we may
suppose that ba,ca,ch are all scalar multiples of p?a. So we may suppose that cb = 0
or p?a. If cb = p?a then subtracting a suitable linear combination of b and ¢ we may
suppose that ba = ca = 0. This gives

{a,b,c|ba, ca, cb — p*a, p°b, pc, class 3). (6.180)

If cb = 0 then we may assume that ca = 0 or pa. If ca = p*a then subtracting a
suitable multiple of ¢ from b we may suppose that ba = 0. This gives

{a,b,c|ba, ca — pa, cb, p*b, pc, class 3). (6.181)

Finally, if ca = cb = 0 we may suppose that ba = 0 or p?a. So we have two more
algebras

{a,b,c|ba, ca, cb, p°b, pc, class 3). (6.182)

{a,b,c|ba — p®a, ca, cb, p*b, pc, class 3). (6.183)

These four algebras are distinct, since it is easy to see that if p2b = pc = 0 and
p?a # 0 then the subalgebras B = (b,c) + Ly and C = (¢, pb) + L3 are characteristic.
Algebra 6.182 is abelian, but the other three algebras are non-abelian. In 6.182 C'is
central, but C'is not central in 6.180 or 6.181. And gnally, B is abelian in 6.181, but
not in 6.180.

4.6 Descendants of 5.9

Let L be an immediate descendant of 5.9 of order p6. Then we may suppose that L is
generated by a,b,c, that Ly is generated modulo L3 by pa,ba, and that L3 has order
p and is generated by p?a,baa,bab. The elements pb, pc, ca, cb all lie in Ls. Note that
the subalgebras B = (b,¢) + Ly and C = (¢) + Lo are characteristic.

First consider the case when L? = {0}, so that baa = bab = 0, and L3 is spanned
by p2a. Subtracting suitable multiples of pa from b and ¢ we may suppose that
pb=pc = 0. So ca = \p?a and cb = pup’a for some A, 1. One possibility is A = u = 0.
If 4 # 0 then subtracting a suitable multiple of b from @ we may suppose that A =0,
and by scaling we may suppose that g = 1. And if 4 =0 and A # 0 then by scaling
we may assume that A = 1. So we have three algebras

(a,b, c|baa, bab, ca, cb, pb, pc, class 3), (6.184)
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{a,b,c|baa, bab, ca — pa, cb, pb, pc, class 3), (6.185)
{a,b,c|baa, bab, ca, cb — p*a, pb, pc, class 3). (6.186)

Note that in 6.184 the characteristic subalgebra C is central; in 6.185 C'is not central,
but CB = {0}; and in 6.186 C'B # {0}.

Next suppose that L?B = {0}, but that L> # {0}. Then bab = 0 but baa # 0.
Scaling we may assume that p2a =0 or baa.

First consider the case when p2a = (0. Then pb and pc are both scalar multiples of
baa. If pc = 0 then scaling a we may suppose that pb = 0, baa or wbaa. And if pc # 0
then scaling ¢ we may suppose that pc = baa, and subtracting a suitable multiple of
¢ from b we may suppose that pb = 0. So one of the following sets of equations holds:

bab = p’a = pb = pc =0,

bab = p’a = pc =0, pb= baa,
bab = p?a =pc=0, pb= whaa,
bab = p’a = pb =0, pc = baa.

It is straightforward to see that algebras satisfying diceerent sets of relations from
these four sets cannot be isomorphic. And if p2a # 0 then by scaling we may suppose
that p2a = baa, and subtracting suitable multiples of pa from b and ¢ we may suppose
that pb =pc = 0. So we have

bab = pb = pc = 0, p*a = baa.

For each of these sets of relations we have to consider the possibilities for ca, cb.
By subtracting a suitable scalar multiple of ba from ¢ we may suppose that ca = 0,
and by scaling we may suppose that cb = 0 or baa. So we have

{a,b,c|bab, ca, cb, p*a, pb, pc, class 3), (6.187)
{a,b,c|bab, ca, cb — baa, p*a, pb, pc, class 3), (6.188)
{a,b,c|bab, ca, cb, p*a, pb — baa, pc, class 3), (6.189)

{a,b,c|bab, ca, cb — baa, p*a, pb — baa, pc, class 3), (6.190)
{a,b,c|bab, ca, cb, p*a, pb — wbaa, pc, class 3), (6.191)
{a,b,c|bab, ca, cb — baa, p*a, pb — wbaa, pc, class 3), (6.192)
{a,b,c|bab, ca, cb, p*a, pb, pc — baa, class 3), (6.193)
{a,b,c|bab, ca, cb — baa, p*a, pb, pc — baa, class 3), (6.194)
{a,b,c|bab, ca, cb, p*a — baa, pb, pc, class 3), (6.195)
{a,b,c|bab, ca, cb — baa, p*>a — baa, pb, pc, class 3). (6.196)
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Finally, consider the case when L?B # {0}. Then L3 is spanned by bab, and
subtracting a suitable scalar multiple of b from a we may suppose that baa = 0.
Scaling, we may assume that p?a = 0 or bab or wbab. If p?a # 0 then subtracting
suitable multiples of pa from band ¢ we may suppose that pb = pc = 0. If p2a =pc=0
but pb # 0 then we may assume that pb = bab. And if p?a = 0 but pc # 0, then
subtracting a suitable multiple of ¢ from b we may assume that pb = (0, and scaling
we may assume that pc = bab. Subtracting a suitable scalar multiple of ba from ¢ we
may suppose that ¢b = (0. And by scaling we may take ca = 0 or bab. So we have the
following algebras:

{a,b,c|baa, ca, cb, p*a, pb, pc, class 3), (6.197)
{a,b,c|baa, ca — bab, cb, p*a, pb, pe, class 3), (6.198)
{a,b,c|baa, ca, cb, p*a, pb — bab, pe, class 3), (6.199)

{a,b,c|baa, ca — bab, cb, p*a, pb — bab, pc, class 3), (6.200)
{a,b,c|baa, ca, cb, p*a, pb, pc — bab, class 3), (6.201)
{a,b,c|baa, ca — bab, cb, p*a, pb, pc — bab, class 3), (6.202)
{a,b,c|baa, ca, cb, p*a — bab, pb, pc, class 3), (6.203)
{a,b,c|baa, ca — bab, cb, p*a — bab, pb, pc, class 3), (6.204)
{a,b,c|baa, ca, cb, p*a — wbab, pb, pc, class 3), (6.205)
{a,b,c|baa, ca — bab, cb, p*a — wbab, pb, pc, class 3). (6.206)

4.7 Descendants of 5.10

Let L be an immediate descendant of 5.10 of order p6. Then we may suppose that
L is generated by a,b,c, that Ly is generated modulo L3 by pa,ba, and that L3 has
order p and is generated by p?a,baa. The elements pc, ca, cb all lie in L3, and pb = ba
modulo L3. Furthermore, bab = 0. Note that the subalgebras B = (b,c) + Lo and
C = (¢) + Ly are characteristic.

One posibility is that baa = 0 and Ls is spanned by p?a. On the other hand, if
baa # 0 then p’a = Abaa for some A. But then setting @' = a — \b we have

p’d’ = p’a — \p?b = p*a — Apba = p*a — Abaa = 0.
So replacing a by a' we may suppose that p2a =0.
Suppose grst that baa = 0, and that L3 is spanned by p2a. Then subtracting

suitable scalar multiples of pa from b and ¢ we may suppose that pb = ba, pc = 0. If
¢b = 0 then scaling we may suppose that ca = 0 or p?a. And if cb # 0 then we may
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suppose that c¢b :an, and subtracting a suitable scalar multiple of b from @ we may
suppose that ca = (. So we have three algebras:

(a,b, c|baa, ca, cb, pb — ba, pc, class 3), (6.207)
{a,b,c|baa, ca — p’a, cb, pb — ba, pc, class 3), (6.208)
{a,b,c|baa, ca, cb — p*a, pb — ba, pc, class 3). (6.209)

Next, suppose that Ls is spanned by baa and that p?a = 0. Replacing a by a-+apa
for suitable «, we may suppose that pb = ba. And replacing ¢ by ¢+ Sba + ypa for
suitable 3,7, we may suppose that ca = ¢b = 0. Scaling, we may suppose that pc =0
or baa

{a,b,c| ca, cb, p*a, pb — ba, pc, class 3), (6.210)

{a,b,c| ca, cb, p*a, pb — ba, pc — baa, class 3). (6.211)

4.8 Descendants of 5.11

Let L be an immediate descendant of 5.11 of order p6. Then we may suppose that L
is generated by a,b, ¢, that Lo is generated modulo L3 by pa, ba, and that L3 has order
p and is generated by p2a. The elements pb, ca,cb all lie in Ls, and pc = ba modulo
Lj. Note that the subalgebras B = (b) + Ly and C' = (c) + Lo are characteristic. We
also have baa = bab = 0.

Subtracting suitable scalar multiples of pa from b and ¢ we can suppose that
pb =0, pc = ba. Note that if we replace a,b,c by a',b', ¢ where

a = «amodulo (b,c)+ Lo,
b = pBbmodulo Lo,
¢ = ~ycmodulo Lo,

then we must have v = «f} to preserve the relation pc = ba. So by scaling we can
assume that cb = 0 or p?a or wp?a. And if cb # 0 then we can subtract a suitable
scalar multiple of b from a so that ca = 0. Finally, if ¢cb = 0 then we can assume that
ca = 0 or p®a. So we have

(a,b,c| ca, cb, pb, pc — ba, class 3), (6.212)
{a,b,c| ca, cb — pa, pb, pc — ba, class 3), (6.213)
{a,b,c| ca, cb — wp?a, pb, pc — ba, class 3), (6.214)
{a,b,c| ca — pa, cb, pb, pc — ba, class 3). (6.215)
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4.9 Descendants of 5.12

Let L be an immediate descendant of 5.12 of order p6. Then we may suppose that
L is generated by a,b,c, that Lo is generated modulo Lg by pc,ba, and that L3 has
order p and is generated by baa,bab,p’c. The elements pa, pb, ca, cb all lie in L.
Note that the subalgebras A = (a,b) + Ly and C = (¢) + Ly are characteristic.

First consider the case when baa = bab = 0, so that Ls is spanned by p?c. Subtract-
ing suitable linear combinations of pc from @ and b, we may suppose that pa = pb = 0.
Since ca and cb are linearly independant we may suppose that ¢b = 0 and that ca = 0
or p2c. So we have

{(a,b, c|baa, bab, ca, cb, pa, pb, class 3), (6.216)

{a,b,c|baa, bab, ca — p*c, cb, pa, pb, class 3). (6.217)

If ba is not central, we may suppose that bab = 0 and that L3 is spanned by baa.
Scaling we may suppose that p26= 0 or baa.

Consider the case when bab = p?’c = 0 and Ls is spanned by baa. Note that
B = (b) + Ly is characteristic. Subtracting a suitable scalar multiple of ba from ¢ we
may suppose that ca = 0. Scaling, we may suppose that cb = 0 or baa. If pb = 0 then
we may suppose that pa = 0 or baa. And if pb # 0 then we can suppose that pb = baa
or wbaa, and subtracting a suitable scalar multiple of b from @ we may suppose that
pa = 0. So we have

{a,b,c|bab, ca, cb, pa, pb, p*c, class 3), (6.218)
{a,b,c|bab, ca, cb, pa — baa, pb, p’c, class 3), (6.219)
{a,b,c|bab, ca, cb, pa, pb — baa, p*c, class 3), (6.220)
{a,b,c|bab, ca, cb, pa, pb — wbaa, p’c, class 3), (6.221)
{a,b,c|bab, ca, cb — baa, pa, pb, p*c, class 3), (6.222)

{a,b,c|bab, ca, cb — baa, pa — baa, pb, p°c, class 3), (6.223)
{a,b,c|bab, ca, cb — baa, pa, pb — baa, p°c, class 3), (6.224)
{a,b,c|bab, ca, cb — baa, pa, pb — wbaa, p°c, class 3). (6.225)

Finally, consider the case when bab = 0, p?c = baa # 0. Subtracting suitable scalar
multiples of pc from @ and b we may suppose that pa = pb = 0. And subtracting a
suitable scalar multiple of ba from ¢ we may suppose that ca = 0. Scaling, we may
suppose that ¢b = 0 or baa. So we have

{a,b,c|bab, ca, cb, pa, pb, p*c — baa, class 3), (6.226)

{a,b,c|bab, ca, cb — baa, pa, pb, p*c — baa, class 3). (6.227)
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4.10 Descendants of 5.13

Let L be an immediate descendant of 5.13 of order p6. Then we may suppose that
L is generated by a,b,c, that Lo is generated modulo Lg by pc,ba, and that L3 has
order p and is generated by p?’c. We have baa = bab = 0 The elements pb, ca, cb all
lie in L3, and pa = ba + Ap’c for some \. Note that the subalgebras A = (a,b) + Lo,
B = (b) + Ly and C = (c) + Lg are characteristic.

Subtracting suitable scalar multiples of pc from a and b we may suppose that
pa = ba, pb = 0. If cb = 0 then by scaling we may suppose that ca = 0 or pc. And
if ¢b # 0 then subtracting a suitable scalar multiple of b from @ we may suppose that
ca = 0. So we have ca = 0, cb = \p?c for some \ # 0. This gives

{(a,b,c|ca, cb, pa — ba, pb, class 3), (6.228)
{a,b,c|ca — p*c, cb, pa — ba, pb, class 3), (6.229)

and p — 1 algebras
{a,b,c|ca, cb— \p*c, pa — ba, pb, class 3) (X # 0). (6.230)

4.11 Descendants of 5.14

Let L be an immediate descendant of 5.14 of order p6. Then we may suppose that
L is generated by a,b,c, that Lo is generated modulo L3 by ba,ca, and that L3 has
order p and is generated by commutators of weight 3. The elements pa, pb, pc, cb all
lie in L3. Note that the subalgebra B = (b, ¢)+ Lg is characteristic. The commutator
structure of L must be the same as in one of 6.16 ~ 6.21 from the list of nilpotent Lie
algebras of dimension 6 over Zp.

4.11.1 Case 1
Let L have the same commutator structure as 6.16, so that L3 is spanned by bab, and
cb = baa = bac = caa = cab = cac = 0.

It is straightforward to check that {(a,c)+ Lo, (b, ¢)+ Lo, (c) + Lo are all characteristic
subalgebras. The elements pa,pb, pc must all be scalar multiples of bab. If pc # 0
then we may suppose that pc = bab, pa = pb = 0. If pc = 0 then we may suppose
that pa = Abab, pb = pbab where A = 0,1 or w, and 4 =0 or 1. So we have

(a,b, c|cb, baa, bac, caa, cac, pa, pb, pc, class 3), (6.231)

(a,b, c|cb, baa, bac, caa, cac, pa, pb — bab, pc, class 3), (6.232)

(a,b, c|cb, baa, bac, caa, cac, pa — bab, pb, pc, class 3), (6.233)

(a,b, c|cb, baa, bac, caa, cac, pa — bab, pb — bab, pc, class 3), (6.234)
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{(a,b, c|cb, baa, bac, caa, cac, pa — wbab, pb, pc, class 3), (6.235)
(a,b, c|cb, baa, bac, caa, cac, pa — wbab, pb — bab, pe, class 3), (6.236)
{(a,b, c|cb, baa, bac, caa, cac, pa, pb, pc — bab, class 3). (6.237)

4.11.2 Case 2

Let L have the same commutator structure as 6.17, so that L? is spanned by bab, and
cb = baa = bac = cab = cac = 0, caa = bab.
If a',b,c generate L and satisfy the same commutator relations as a,b, ¢ then

a = aa+ b+ ycmodulo Loy,
¥ = —adb+ Bdc modulo Lo,

¢ = adé’cmodulo L.

So we may suppose that pc = 0 or bab or wbab. If pc # 0 then we may suppose that
pa = pb = 0. If pc = 0 then we may suppose that pb = 0 or bab, and if pb # 0 then
we can suppose that pa = 0. Finally, if pb = pc = 0 then we can assume that pa = 0
or bab or wbab. So we have

(a,b, c|cb, baa, bac, caa — bab, cac, pa, pb, pc, class 3), (6.238)
{(a, b, c|cb, baa, bac, caa — bab, cac, pa — bab, pb, pc, class 3), (6.239)
(a,b, c|cb, baa, bac, caa — bab, cac, pa — wbab, pb, pe, class 3), (6.240)
{(a,b, c|cb, baa, bac, caa — bab, cac, pa, pb — bab, pc, class 3), (6.241)
{(a,b, c|cb, baa, bac, caa — bab, cac, pa, pb, pc — bab, class 3), (6.242)
{(a,b,c|cb, baa, bac, caa — bab, cac, pa, pb, pc — wbab, class 3). (6.243)

4.11.3 Case 3

Let L have the same commutator structure as 6.18, so that L3 is spanned by bab, and
cb = baa = bac = caa = cab = 0, cac = —bab.
If a',b,c generate L and satisfy the same commutator relations as a,b,c then

a = oamodulo Lo,

b = pBb+ycmodulo Ly,
¢ = =£(vb+ Bc) modulo Lo,

where 32 — % # 0. Note that if a’,0',c are as above, then V'a'd' = (8% — v?)bab.
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If pb = pc = 0 then since we can choose 3,7 so that 32 — ¥? takes any non-zero
value, we may take pa = 0 or bab. This gives

{(a,b, c|cb, baa, bac, caa, cac+ bab, pa, pb, pc, class 3), (6.244)

(a, b, c|cb, baa, bac, caa, cac + bab, pa — bab, pb, pc, class 3). (6.245)

If one of pb, pcis zero, and the other is non-zero, then we may assume that pb # 0,
pc = 0. Then with a change of generators of the above form, with 7 = 0, we can
choose [ so that pa’ = 0 or b'a’b’ or wb'a’b’, and then we can choose « so that pb’ =
b'a't’!. So we have

{(a,b, c|cb, baa, bac, caa, cac + bab, pa, pb — bab, pc, class 3), (6.246)

{(a,b, c|cb, baa, bac, caa, cac+ bab, pa — bab, pb — bab, pc, class 3), (6.247)
{a,b, c|cb, baa, bac, caa, cac+ bab, pa — wbab, pb — bab, pc, class 3). (6.248)

Now consider the case when pb and pc are both non-zero. We can scale a so that
pb = bab, pc = Abab for some A # 0. So we have p(Ab — ¢) = 0. Provided A # +1 we
can replace a,b,c by a,b,c where

¥ = b+ Ac
d = M—c,

and then pc = 0 and we are back in the case above. If A = +1, then replacing ¢ by
—c if necessary, we may assume that A = 1. As above, we can choose (3,7 so that
(3% — 4? takes any non-zero value, and so we may assume that pa = 0 or bab. So we
have two extra algebras

{(a,b, c|cb, baa, bac, caa, cac + bab, pa, pb — bab, pc — bab, class 3), (6.249)
{(a, b, c|cb, baa, bac, caa, cac + bab, pa — bab, pb — bab, pc — bab, class 3). (6.250)
4.11.4 Case 4
Let L have the same commutator structure as 6.19, so that L3 is spanned by bab, and
cb = baa = bac = caa = cab = 0, cac = —wbab.

If a',b,c generate L and satisfy the same commutator relations as a,b, ¢ then

a = oa modulo Lo,
b = Bb+ycmodulo Ly,
¢ = £(wyb+ Bc) modulo Lo,

where 32 —wy? # 0. Note that if a’,V’,c are as above, then b'a'd' = (8% — wy?)bab.
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The analysis of the situation when at least one of pb,pc equals 0 is identical to
the case above. So we have the following algebras:

{(a,b,c|cb, baa, bac, caa, cac + wbab, pa, pb, pc, class 3), (6.251)

(a,b, c|cb, baa, bac, caa, cac 4+ wbab, pa — bab, pb, pe, class 3), (6.252)
{(a,b, c|cb, baa, bac, caa, cac + wbab, pa, pb — bab, pc, class 3), (6.253)
{(a,b, c|cb, baa, bac, caa, cac + wbab, pa — bab, pb — bab, pc, class 3), (6.254)
(a,b, c|cb, baa, bac, caa, cac + wbab, pa — wbab, pb — bab, pec, class 3).  (6.255)

Now, as in the case above, consider the situation when pb = bab, pc = wAbab for
some A # 0. So we have p(wAb—c) = 0. Since 1 —wA? # 0 we can replace a,b,c by
a, b, d where

Vo= —b+Ac

d = wlb—c,

and we are back to the case when pc = 0.

4.11.5 Case 5

Let L have the same commutator structure as 6.20, so that L3is spanned by baa, and
cb = bab = bac = caa = cab = cac = 0.

The subalgebras B = (b,c) + Ly and C = (c) + Ls are characteristic. We may assume
that pc = 0 or baa, and if pc = baa thenw e can assume that pa = pb= 0. If pc =0
then we can assume that pb = 0 or baa or wbaa, and if pb # 0 we can assume that
pa = 0. Finally, if pb = pc = 0 then we can assume that pa = 0 or baa. So we have

{(a,b, c|cb, bab, bac, caa, cac, pa, pb, pc, class 3), (6.256)
(a,b, c|cb, bab, bac, caa, cac, pa — baa, pb, pc, class 3), (6.257)
{(a,b, c|cb, bab, bac, caa, cac, pa, pb — baa, pc, class 3), (6.258)
{(a, b, c|cb, bab, bac, caa, cac, pa, pb — wbaa, pc, class 3), (6.259)
(a,b, c|cb, bab, bac, caa, cac, pa, pb, pc — baa, class 3). (6.260)
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4.11.6 Case 6
Let L have the same commutator structure as 6.21, so that L3is spanned by baa, and
bab = bac = caa = cab = cac = 0, cb = baa.

The subalgebras B = (b,c) + Ly and C' = {c) + Ly are characteristic. The analysis of
this situation is exactly the same as the case above, and we have

{(a,b, c|cb — baa, bab, bac, caa, cac, pa, pb, pc, class 3), (6.261)
(a,b,c|cb— baa, bab, bac, caa, cac, pa — baa, pb, pc, class 3), (6.262)
{(a,b,c|cb— baa, bab, bac, caa, cac, pa, pb — baa, pc, class 3), (6.263)
{(a,b, c|cb— baa, bab, bac, caa, cac, pa, pb — wbaa, pe, class 3), (6.264)
(a,b,c|cb— baa, bab, bac, caa, cac, pa, pb, pc — baa, class 3). (6.265)

4.12 Descendants of 5.15

Let L be an immediate descendant of 5.15 of order p6. Then we may suppose that
L is generated by a,b,c, that Lo is generated modulo L3 by ba,ca, and that L3 has
order p and is generated by caa, cac. The elements pb, pc, cb all lie in L3, and pa = ba
modulo L3. We also have baa = bab = bac = 0. Note that the subalgebras (b) + Lo
and (b, c) + Ly are characteristic.

If cac # 0 then we may suppose that caa = cb = 0. If pb # 0 then we can assume
that pb = cac and that pa = ba, pc = 0. This gives

{a,b,c|cb, caa, pa — ba, pb — cac, pc, class 3). (6.266)

On the other hand, if pb = 0 we may assume that pa = ba + Acac where A\ = 0,1, or
w, and we may assume that pc =0 or cac. So we have

(a, b, c| cb, caa, pa — ba, pb, pc, class 3), (6.267)
{a,b,c|cb, caa, pa — ba, pb, pc — cac, class 3), (6.268)
{a,b,c|cb, caa, pa — ba — cac, pb, pe, class 3), (6.269)

(a,b, c|cb, caa, pa — ba — cac, pb, pc — cac, class 3), (6.270)
(a,b, c|cb, caa, pa — ba — wcac, pb, pc, class 3), (6.271)
(a,b,c|cb, caa, pa — ba — wcae, pb, pc — cac, class 3). (6.272)

So suppose that cac =0, and L3 is spanned by caa. We have cb, pb,pc € L3, and
pa = ba modulo L. If a',b,c generate L and satisfy relations of this form then

a = aa+ b+ yecmodulo Lo,
b b modulo Lo,
¢ = 6b+ecmodulo Lo,
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for some «,(3,7,0,6. We may assume that cb = 0,caa or wcaa. And if pb # 0 we
may suppose that pb = caa and that pa = ba, pc = 0. So suppose that pb = 0. If
pa = ba+ Acaa then replacing b by b+ Aca we have pa = ba. We then have pc = ucaa,
where if ¢b =0 then we may assume that g = 0,1, or w. So we have

{(a,b,c|cb, cac, pa — ba, pb — caa, pc, class 3), (6.273)

{(a,b,c|cb, cac, pa — ba, pb, pc, class 3), (6.274)

{(a,b,c|cb, cac, pa — ba, pb, pc — caa, class 3), (6.275)

{(a,b, c|cb, cac, pa — ba, pb, pc — wcaa, class 3), (6.276)

{(a,b,c|cb— caa, cac, pa — ba, pb — caa, pc, class 3), (6.277)
{a,b,c|cb— caa, cac, pa — ba, pb, pc — pcaa, class 3) (0 < u < p), (6.278)
{(a,b,c|cb— wcaa, cac, pa — ba, pb — caa, pc, class 3), (6.279)
{(a,b,c|cb— wcaa, cac, pa — ba, pb, pc — ucaa, class 3) (0 < p < p). (6.280)

4.13 Descendants of 5.16

Let L be an immediate descendant of 5.16 of order p6. Then we may suppose that
L is generated by a,b,c, that Lo is generated modulo L3 by ba,ca, and that L3 has
order p and is generated by caa, cac. The elements pa, pc, cb all lie in L3, and pb = ba
modulo L3. We also have baa = bab = bac = 0. Note that the subalgebras (a,c)+ Lo,
(b) + Ly and (c) + Lo are characteristic.

If cac # 0 then subtracting a suitable scalar multiple of ¢ from @ we may suppose
that caa = 0. And subtracting a suitable scalar multiple of ca from b we may suppose
that c¢b = 0. We then have pa = Acac, pb = ba + ucac, pc = vcac for some A, i, v.
Scaling ¢ we can take ¥ = 0 or 1, and if ¥ = 0 then we can scale ¢ so that A =0,1 or
w. Then, scaling b we can take ;4 =0 or 1. So we have

(a,b,c|cb, caa, pa, pb — ba, pc, class 3), (6.281)

{(a,b,c|cb, caa, pa, pb — ba — cac, pe, class 3), (6.282)

{a,b,c|ch, caa, pa — cac, pb — ba, pc, class 3), (6.283)

{(a,b,c|cb, caa, pa — cac, pb — ba — cac, pe, class 3), (6.284)

{(a,b,c|ch, caa, pa — wcace, pb — ba, pc, class 3), (6.285)

(a,b,c|cb, caa, pa — wcac, pb — ba — cac, pe, class 3), (6.286)

(a,b, c|cb, caa, pa — Acac, pb — ba, pc — cac, class 3) (0 < A < p), (6.287)
(a,b,c|cb, caa, pa — Acac, pb — ba — cac, pc — cac, class 3) (0 < A <p). (6.288)
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If cac = 0 then L3 is spanned by caa. Replacing b by b+ aca for suitable o we
may suppose that pb = ba. And if pc # 0 then, subtracting a suitable scalar multiple
of ¢ from @, we may suppose that pa = 0. On the other hand, if pc = 0 then we
scaling ¢ we may suppose that pa = 0 or caa. Also, scaling b we may suppose that
¢b =0 or caa. So we have

{(a,b,c|cb, cac, pa, pb — ba, pc — Acaa, class 3) (0 < \ < p), (6.289)
{a,b,c|cb— caa, cac, pa, pb — ba, pc — Acaa, class 3) (0 < X < p), (6.290)
(a,b,c|cb, cac, pa — caa, pb — ba, pc, class 3), (6.291)

(a,b,c|cb— caa, cac, pa — caa, pb — ba, pc, class 3). (6.292)

4.14 Descendants of 5.17

Algebra 5.17 is terminal.

4.15 Descendants of 5.18

Let L be an immediate descendant of 5.18 of order p6. Then we may suppose that
L is generated by a,b,c, that Lo is generated modulo L3 by ba,ca, and that L3 has
order p and is generated by baa, bab. The elements pa, pc, cb all lie in L3, and pb = ca
modulo L3. We also have bac = caa = cab = cac = 0. If a',b,c generate L and
satisfy relations of this form, then

!

a = aa+ ycmodulo Ly, ((*))
v aeb + dc modulo Lo,
/ ec modulo Lo

C

for some «,7,0,6. The commutators baa and bab must be linearly dependant, and
we may suppose that they satisfy one of the following three relations:

baa = 0,
bab = 0,
baa = bab.

And if pc # 0, then subtracting suitable scalar multiples of ¢ from @ and b we may
assume that pa = 0, pb = ca.
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4.15.1 baa =0

Since bab ;ﬁ 0, by subtracting a suitable scalar multiple of ba from ¢ we may suppose
that ¢b = 0. If pc # 0 then we may assume that pc = bab, and we have

{(a,b, c|cb, baa, pa, pb — ca, pc — bab, class 3). (6.293)

So suppose that pc = 0, and that pa = Abab, pb = ca + pbab. Then if let a',b', ¢
satisfy (*) we have

pa’ = albab = a2\ 'V,

pb' = aepb=cd +a % ub'd't’.
If £ # 0 then we can take € = a2 (so that pb' = c'a’ +b'a't’), and then choose a so

that @ 267?X = 0,1 or w. And if g = 0 then we can take € = 1 and again choose «
so that @ 272X =0,1 or w. So we have

{(a,b,c|cb, baa, pa, pb — ca, pc, class 3), (6.294)

{(a,b, c|cb, baa, pa — bab, pb — ca, pc, class 3), (6.295)
{(a,b,c|cb, baa, pa — wbab, pb — ca, pc, class 3), (6.296)
{(a,b, c|cb, baa, pa, pb — ca — bab, pc, class 3), (6.297)
{a,b, c|cb, baa, pa — bab, pb — ca — bab, pc, class 3), (6.298)
{(a,b, c|cb, baa, pa — wbab, pb — ca — bab, pc, class 3). (6.299)

4.15.2 baa = bab

As above, by subtracting a suitable scalar multiple of ba from ¢ we may suppose that
c¢b = 0. However, when we consider generating sets a’,b’,c for L satisfying (*), then
to preserve the relation b'a’a’ = 0'a’'l’ we require € = 1. As above, if pc # 0 then
we can assume that pa = 0, pb = ca, and we can choose « so that pc = baa when
p = 2mod 3, or baa,wbaa or w?baa when p = 1mod3. This gives

{(a,b,c|cb, bab — baa, pa, pb — ca, pc — baa, class 3), (6.300)
and two extra algebras when p = 1mod 3.
{(a, b, c|cb, bab — baa, pa, pb — ca, pc — wbaa, class 3), (6.301)

{a,b,c| cb, bab — baa, pa, pb — ca, pc — w?baa, class 3). (6.302)

So suppose that pc = 0, and that pa = Abaa, pb = ca + pbaa. Then if we let o', b, ¢
satisfy (*) with € =1, we have

pd = albaa = a2\'d'd,

pb = aca+ apbaa = cd' + o *uba’d
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We can choose & so that & 2A = 0,1 or w, and if A = 0 then we can choose o so that
w=0,1w.

{a,b, c|cb, bab — baa, pa, pb — ca, pc, class 3), (6.303)

{(a, b, c|cb, bab — baa, pa, pb — ca — baa, pc, class 3), (6.304)

{(a, b, c|cb, bab — baa, pa, pb — ca — wbaa, pc, class 3), (6.305)

{(a,b,c|cb, bab — baa, pa — baa, pb — ca — pbaa, pc, class 3) (0 < p < p), (6.305B)
{a,b, c|cb, bab — baa, pa — wbaa, pb — ca — pbaa, pc, class 3) (0 < u < p). (6.305C)

4.15.3 bab =0

Since L3 is spanned by baa, by subtracting a suitable multiple of ba from ¢ we may
assume that pb = ca. And if pc # 0 then we may assume that pa = 0. Let cb = Abaa,
pc = pbaa with g # 0. Then if o', 0, c generate L and satisfy (*) we have

A = agich=a2eNdd,
pd = epc=a Pubdd.
So we have
{(a,b, c|cb, bab, pa, pb — ca, pc — baa, class 3), (6.306)

and two more algebras when p = 1mod3

{(a, b, c|cb, bab, pa, pb — ca, pc — wbaa, class 3), (6.307)
{a,b,c|cb, bab, pa, pb — ca, pc — w’baa, class 3), (6.308)
{(a,b,c|cb— baa, bab, pa, pb — ca, pc — baa, class 3), (6.309)

and two more algebras when p = 1 mod3
(a, b, c|cb— baa, bab, pa, pb — ca, pc — wbaa, class 3), (6.310)

{a,b,c|cb— baa, bab, pa, pb — ca, pc — w’baa, class 3). (6.311)

So let pc =0, and let ¢b = Abaa, pa = pbaa. If a',b',c generate L and satisfy (*)
we have

A = oag’ch=aebdd,

pd = apa=o 2 ubdd.

So if 4 =0 then we can take A=0o0r 1. And if g # 0 we can take =1, A=0,1 or
w when p=3mod4, and u=1, A =0,1,w,w? or w* when p=1mod4. So we have

(a,b, c|cb, bab, pa, pb — ca, pe, class 3), (6.312)
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(a,b, c|cb— baa, bab, pa, pb — ca, pc, class 3), (6.313)
{a,b, c|cb, bab, pa — baa, pb — ca, pc, class 3), (6.314)
{(a,b, c|cb— baa, bab, pa — baa, pb — ca, pc, class 3), (6.315)
{(a, b, c|cb— wbaa, bab, pa — baa, pb — ca, pc, class 3), (6.316)
and in the case when p = 1mod4 we also have two more algebras
{a,b,c|cb — w?baa, bab, pa — baa, pb — ca, pc, class 3), (6.317)
{a,b,c|cb — wbaa, bab, pa — baa, pb — ca, pc, class 3). (6.318)

4.16 Descendants of 5.19

Let L be an immediate descendant of 5.19 of order p®. Then we may suppose that L
is generated by a,b,c, that Ly is generated modulo L3 by ba, ca, and that L3 has order
p and is generated by bab. The elements pc and c¢b lie in L3, and pa = ba modulo Ls,
pb = ca modulo L3. We also have caa = —bab, baa = bac = cab = cac = 0. If o', ',
generate L and satisfy relations of this form, then

ad = aa+ aBfb+ yecmodulo Lo, ((*))
b = b+ Bcmodulo Lo,
d = a 'cmodulo L

for some «, 3,7. Note that pba = —bab. So subtracting a suitable scalar multiple of

ba from ¢ we may suppose that pc = (0. And subtracting a suitable scalar multiple of
ca from ¢, we may suppose that pb = ca. Also, subtracting a suitable scalar multiple
of ca from b, we may suppose that pa = ba. Finally, we have cb = Abab for some .
If we let @/ =aa, b =b, ¢ =a 'cthen

AV =a teb=a " Abab = a2\ d'V.

So we have

{(a,b,c|cb, pa — ba, pb — ca, pc, class 3), (6.319)
{(a, b, c|cb— bab, pa — ba, pb — ca, pe, class 3), (6.320)
{(a,b,c|cb — wbab, pa — ba, pb — ca, pc, class 3). (6.321)

4.17 Descendants of 5.2075.23

These algebras are all terminal.
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4.18 Descendants of 5.24

Let L be an immediate descendant of 5.24 of order p6. Then we may suppose that
L is generated by a,b,c, that Lo is generated modulo L3 by pa, that L3 is generated
modulo L4 by p2a, and that L4 has order p and is generated by p3a. The elements
pb, pc, ba, ca, cb are all scalar multiples of p3a. Subtracting suitable scalar multiples of
p2a from b and ¢ we may suppose that pb = pc = 0. Note that these relations imply
that B = (b,c) + Ly is a characteristic subalgebra. Clearly a is centralized by some
non-zero element in the span of b,c¢, and so we may suppose that ca = 0. Scaling b
we may suppose that ba = 0 or p?a, and scaling ¢ we may suppose that cb = 0 or pa.
However, if cb # 0 then we can subtract a suitable scalar multiple of ¢ from @ so that
ba = 0. So we have

{(a,b, c|ba, ca, cb, pb, pc, class 4), (6.322)
{a,b,c|ba — pa, ca, cb, pb, pc, class 4), (6.323)
{a,b,c|ba, ca, cb — p3a, pb, pc, class 4). (6.324)

4.19 Descendants of 5.2575.26

These algebras are both terminal.

4.20 Descendants of 5.27

Let L be an immediate descendant of 5.27 of order p6. Then we may suppose that
L is generated by a,b,c, that Lo is generated modulo L3 by ba, that L3 is generated
modulo L4 by baa, and that L4 has order p and is generated by baaa. The elements
pa, pb, pc, bab, ca, cb are all scalar multiples of baaa. By subtracting a suitable scalar
multiple of baa from ¢ we may suppose that ca = 0. If @/, b, ¢’ generate L and satisfy
the same relations as a,b,c modulo L4, then

ad = aa+ b+ ycmodulo Lo,
b = 6b+ecmodulo Lo,

d = (cmodulo L

for some «, 3,7,9,¢,(. So if pc # 0 we may assume that pa = pb = 0, and if pc = 0,
pb # 0 then we may assume that pa = 0.

Consider the case when pa = pb = pc = 0, and bab = Abaaa, cb = pbaaa. Scaling
b we can take A =0 or 1, and scaling ¢ we can take £ =0 or 1. So we have

{a,b, c|bab, ca, cb, pa, pb, pc, class 4), (6.325)
{(a,b, c|bab — baaa, ca, cb, pa, pb, pc, class 4), (6.326)
(a, b, c|bab, ca, cb — baaa, pa, pb, pc, class 4), (6.327)
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(a,b, c|bab — baaa, ca, cb — baaa, pa, pb, pc, class 4). (6.328)

Next consider the case when pb = pc = 0, pa # 0. Then we may assume that
pa = baaa. Once again we have bab = Abaaa, cb = pbaaa for some A, u. As above,
we can scale ¢ so that 4 =0 or 1. And we can scale @ and bso that A =0,1 or w, or
(in the case when p = 1 mod4) w? or w?. So we have

{(a,b, c|bab, ca, cb, pa — baaa, pb, pc, class 4), (6.329)

{(a,b, c|bab — baaa, ca, cb, pa — baaa, pb, pc, class 4), (6.330)

(a,b, c|bab — wbaaa, ca, cb, pa — baaa, pb, pc, class 4), (6.331)

{a,b,c|bab — w?baaa, ca, cb, pa — baaa, pb, pc, class 4) (p = 1mod4),  (6.332)
{a,b, c|bab — wbaaa, ca, cb, pa — baaa, pb, pc, class 4) (p = 1mod4),  (6.333)
(a,b, c|bab, ca, cb — baaa, pa — baaa, pb, pc, class 4), (6.334)

{(a,b, c|bab — baaa, ca, cb — baaa, pa — baaa, pb, pc, class 4), (6.335)

(a,b, c|bab — wbaaa, ca, cb — baaa, pa — baaa, pb, pc, class 4), (6.336)
{a,b,c|bab—w?baaa, ca, cb—baaa, pa—baaa, pb, pc, class 4) (p = 1 mod4), (6.337)
{a,b,c|bab—w?baaa, ca, cb—baaa, pa—baaa, pb, pc, class 4) (p = 1 mod 4). (6.338)

Now suppose that pa = pc = 0, pb # 0. Scaling a we may suppose that pb = baaa,
or (in the case when p = 1mod3) wbaaa or w?baaa. Scaling b and ¢ we may suppose
that bab and c¢b are both 0 or baaa. So we have

{(a,b, c|bab, ca, cb, pa, pb — baaa, pc, class 4), (6.339)

{(a,b, c|bab — baaa, ca, cb, pa, pb — baaa, pc, class 4),

(a, b, c|bab, ca, cb — baaa, pa, pb — baaa, pc, class 4),

{(a,b, c|bab — baaa, ca, cb — baaa, pa, pb — baaa, pc, class 4),

{(a, b, c| bab, ca, cb, pa, pb — wbaaa, pc, class 4) (p = 1 mod 3),
{(a,b, c|bab — baaa, ca, cb, pa, pb — wbaaa, pec, class 4) (p = 1 mod 3),

( )
( )
( )
( )

( )
{(a,b,c|bab, ca, cb — baaa, pa, pb — wbaaa, pe, class 4) (p = 1 mod 3), (6.345)
{(a,b, c|bab— baaa, ca, cb— baaa, pa, pb—wbaaa, pe, class 4) (p = 1 mod 3), ( )
{a,b,c|bab, ca, cb, pa, pb — w?baaa, pc, class 4) (p = 1 mod 3), ( )
{a,b,c|bab — baaa, ca, cb, pa, pb — w’baaa, pc, class 4) (p = 1mod3),  ( )
{a,b,c|bab, ca, cb — baaa, pa, pb — w?baaa, pc, class 4) (p = 1mod3),  ( )

( )

{a,b,c|bab—baaa, ca, cb—baaa, pa, pb—w?baaa, pc, class 4) (p = 1 mod 3),

58



Finally, consider the case when pa = pb = 0, and pc # 0. Then scaling ¢ we may
suppose that pc = baaa. Let bab = Abaaa, cb = pbaaa. If we let a’ = aa, b’ = (b,
c = a3fc then

pcl — b/ala/al’
Va't = af’bab=a 2pNd'dd,
b = o®B%h=pubddd.

So, if A =0 we can take g =0 or 1, and if A # 0 we can take A=1and = 0,1 or
w. So we have

(a,b, c|bab, ca, cb, pa, pb, pc — baaa, class 4), (6.351)

(a, b, c|bab, ca, cb — baaa, pa, pb, pc — baaa, class 4), (6.352)

{(a, b, c|bab — baaa, ca, cb, pa, pb, pc — baaa, class 4), (6.353)

{(a,b, c|bab — baaa, ca, cb — baaa, pa, pb, pc — baaa, class 4), (6.354)
{(a,b, c|bab — baaa, ca, cb — wbaaa, pa, pb, pc — baaa, class 4). (6.355)

4.21 Descendants of 5.28°5.31

These algebras are all terminal.

4.22 Descendants of 5.32

Let L be an immediate descendant of 5.32 of order p6. Then we may suppose that
L is generated by a,b,c, that Ly is generated modulo L3 by ba, that L3 is generated
modulo L4 by baa, and that L4 has order p and is generated by baaa. The elements
pa, pb, pc, bab, ca are all scalar multiples of baaa and cb = baa modulo Ly. We also
have bac = —baaa. If a',b',c generate L and satisfy the same relations as a,b,c
modulo L4 then

ad = aa+ b+ ycmodulo Lo, ((*))
b = b+ ecmodulo Lo,
¢ = o’c— afba modulo Ly

for some «, f3,7,0,¢. Since bac = —baaa we can choose ¢ so that b'a’d’ = 0. So we

can assume that bab = 0, and then if a’,b',c generate L and satisfy (*), and if in
addition b'a’b’ =0 then ¢ =0. If we let ' =a+yc, ' = b, ¢ = ¢ then
ba' = ba— vyeb,
ba'a = baa — 2ybaaa,

ba'dd = baaa,
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so we can choose 7y so that ¢'b’ = b'a’a’. So we can assume that cb = baa. Note that if
a',b,c generate L and satisfy (*), and if in addition b'a’b' = 0 and /b’ = b'a’a’ then
€ = v = 0. Also, subtracting a suitable multiple of baa from ¢ we may assume that
ca = 0. Next, note that if pb # 0 then we can subtract a suitable scalar multiple of b
from a so that pa = 0.

So suppose that pa = 0, and that pb # 0. Scaling a we may suppose that pb = baaa
or (in the case when p = 1 mod 3) wbaaa or w?baaa. And we can scale bso that pc =0
or baaa. So we have

{(a,b, c|bab, ca, cb — baa, pa, pb — baaa, pe, class 4), (6.356)
(a,b, c|bab, ca, cb — baa, pa, pb — wbaaa, pc, class 4) (p = 1 mod 3), (6.357
{a,b,c|bab, ca, cb — baa, pa, pb — w?baaa, pc, class 4) (p = 1 mod 3), (6.358
{(a,b,c|bab, ca, cb — baa, pa, pb — baaa, pc — baaa, class 4), (6.3
(6.

)
)
59)
(a, b, c|bab, ca, cb — baa, pa, pb — wbaaa, pc — baaa, class 4) (p = 1 mod 3), (6.360)
{a,b,c|bab, ca, cb— baa, pa, pb — w’baaa, pc — baaa, class 4) (p = 1mod 3). (6.361)

And now consider the case when pb = 0. Let pa = Abaaa, pc = pbaaa. If we let
a = aa, b = 6b, ¢ = o’c then

pd = apa = albaca = o 2N dd'd,

pd = o’pe=a’pbaaa = o B b d'd'd.

So we may assume that A =0 or 1 and that £ =0 or 1. So we have

(a,b, c|bab, ca, cb — baa, pa, pb, pc, class 4), (6.362)

(a,b, c|bab, ca, cb — baa, pa — baaa, pb, pe, class 4), (6.363)

{a,b, c|bab, ca, cb — baa, pa, pb, pc — baaa, class 4), (6.364)

(a, b, c|bab, ca, cb — baa, pa — baaa, pb, pc — baaa, class 4). (6.365)

4.23 Descendants of 5.33 ~ 5.36

These algebras are all terminal.
5 Two generators

Let L be a two generator nilpotent Lie algebra of order p6. Then L is an immediate
descendant of one of 3.2 © 3.4 or 4.6 ~ 4.14 or 5.37 ~ 5.74.
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5.1 Descendants of 3.2 ~ 3.4

Algebras 3.2 and 3.4 have no immediate descendants of order p6, and 3.3 is terminal.

5.2 Descendants of 4.6

Let L be an immediate descendant of 4.6 of order p6. Then L is generated by a,b
modulo Ly, Lo is generated by pa,pb modulo L3, and L3 has order p? and is generated
by p?a,p?b. We have ba € L3, and so we may suppose that ba = 0 or p?a. This gives

{(a,b|ba, class 3), (6.366)

{a,b|ba — p®a, class 3). (6.367)

5.3 Descendants of 4.7

Let L be an immediate descendant of 4.7 of order p6. Then L is generated by a,b
modulo Ly, Lo is generated by ba,pa modulo L3, and L3 has order p? and is gener-
ated by baa, bab,p’a. We also have pb € Ls. Note that (b) + Lo is a characteristic
subalgebra.

5.3.1 L3 == L3

If L3 = L3 then L is spanned by baa,bab. If p*a is a scalar multiple of bab then we
can assume that p?a = 0 or bab or wbab. On the other hand, if p?a is not a scalar
multiple of bab then p?a = abaa + Bbab for some « # 0. Scaling b we may assume
that & = 1, and then replacing a by a + 8b we have p?a = baa.

If p’a = 0, then in a similar way we may assume that pb = 0 or bab or baa or
wbaa. If p?a = bab or wbab then subtracting a suitable multiple of pa from b we may
suppose that pb = Abaa where A = 0,1 or w. And gnally, if p’a = baa then we may
suppose that pb = Abab for some 0 < X\ < p. So we have

{a,b|p®a, pb, class 3), (6.368)
{a,b|pa, pb — bab, class 3), (6.369)
{a,b|p*a, pb — baa, class 3), (6.370)
{a,b|p*a, pb — wbaa, class 3), (6.371)
{a,b|p*a — bab, pb, class 3), (6.372)

{a,b|p*a — bab, pb — baa, class 3), (6.373)
{a,b|p*a — bab, pb — wbaa, class 3), (6.374)
{(a,b|p*a — whab, pb, class 3), (6.375)
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{a,b|p*a — whab, pb — baa, class 3), (6.376)
{a,b|p’a — wbab, pb — wbaa, class 3), (6.377)
{a,b|p*a — baa, pb — \bab, class 3) (0 < A < p). (6.378)

53.2 L*# L3

If L? # Ls then baa and bab must be linearly dependant. We may assume that either
baa = 0 or bab = 0.

If baa = 0, then Ls is generated by bab and p?a. Subtracting a suitable scalar
multiple of pa from b we may suppose that pb = Abab where A =0 or 1:

{(a,b|baa, pb, class 3), (6.379)
(a,b|baa, pb — bab, class 3). (6.380)
And if bab = 0 then we may similarly suppose that pb = Abaa where A = 0,1 or
w:
{(a,b|bab, pb, class 3), (6.381)
(a,b|bab, pb — baa, class 3), (6.382)
{a,b|bab, pb — wbaa, class 3). (6.383)

5.4 Descendants of 4.8

Let L be an immediate descendant of 4.8 of order p6. Then L is generated by a,b
modulo Lg, Ly is generated by ba, pa modulo L3, and L3 has order p? and is generated
by baa,p?a. We also have pb — ba € Li. Note that (b) + Ly is a characteristic
subalgebra.

Let pb = ba + Abaa + pp?a. If we let @' = a + Apa, b’ = b — upa then

b'a' = ba + \baa

and

pb' = pb — pp*a = ba + \baa = b'a’.
So we have
{a,b| pb — ba, class 3). (6.384)
5.5 Descendants of 4.9 ~ 4.14

Algebras 4.9 and 4.13 have no immediate descendants of order p6, and 4.10 ~ 4.12,
4.14 are terminal.
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5.6 Descendants of 5.37

Let L be an immediate descendant of 5.37 order p6. Then L is generated by a,b,
L, is generated by ba,pa,pb modulo L3, and L3 has order p and is generated by
baa, bab, pba, p*a, p*b.

First consider the case when baa = bab = 0. If p?a = p?b = 0 then we have

{a,b| baa, bab, p*a, p*b, class 3). (6.385)

If at least one of p2a and pr is non-zero then we may suppose that L3 is generated
by p?a and that p?b = 0. We can then assume that pba = 0 or p2a. So we have

{a,b| baa, bab, pba, p*b, class 3), (6.386)

{a,b| baa, bab, p*a — pba, p°b, class 3). (6.387)

Now consider the case when baa and bab are not both zero. We may assume that
bab = 0 and that L3 is generated by baa. We may assume that pba = 0 or baa.

First consider the case when pba = 0. If p?b # 0 then we may assume that p?a =0
and that p?b = baa or wbaa. And if p?b = 0 then we may assume that p?a = 0 or baa.
This gives

{a,b| bab, pba, p*a, p*b, class 3), (6.388)
{a,b| bab, pba, p*a — baa, p°b, class 3), (6.389)
{a,b| bab, pba, p*a, p*b — baa, class 3), (6.390)
{a,b| bab, pba, p*a, p*b — wbaa, class 3). (6.391)

Finally, consider the case when bab = 0, pba = baa. If p?b = 0 then we can assume
that p?a = 0 or baa, and if p?b # 0 then we can assume that p?a = 0. So we have

{a,b| bab, pba — baa, p*a, p°b — Abaa, class 3) (0 < X < p), (6.392)

{a,b| bab, pba — baa, p*a — baa, p*b, class 3). (6.393)

5.7 Descendants of 5.38

Let L be an immediate descendant of 5.38 order p®. Then L is generated by a,b, Lo
is generated by ba modulo L3, and L3 is generated by baa,bab modulo L4, and L4 has
order p and is generated by baaa, baab, and babb. We also have pa,pb € Ly.

From the list of nilpotent Lie algebras of dimension 6 over Zj, we see that we can
assume that one of the following sets of relations holds:

baab = babb =0,
baab = 0, babb = —baaa,
baab = 0, babb = —wbaaa.
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5.7.1 Case 1

First suppose that baab = babb = 0, and that L3 is generated by baaa. Then the
subalgebra (b) + Lo is characteristic. If pb = 0, we can assume that pa = 0 or baaa.
And if pb # 0 then we may assume that pa = 0 and that pb = baaa or (in the case
when p = 1mod 3) wbaaa or w?baaa. This gives

(a,b| baab, babb, pa, pb, class 4), (6.394)
(a,b| baab, babb, pa — baaa, pb, class 4), (6.395)
(a,b| baab, babb, pa, pb — baaa, class 4), (6.396)
{(a,b| baab, babb, pa, pb — wbaaa, class 4) (p = 1 mod 3), (6.397)
{a,b| baab, babb, pa, pb — w?baaa, class 4) (p = 1mod 3). (6.398)
5.7.2 Case 2
Next suppose that baab = 0 and that babb = —baaa. Tt is straightforward to show
that if a’,b' generate L and if d'a’d’t/ = 0, 'a’b'’ = —b'a’a’a’ then
ad = aa+ fbmodulo Lo,

V¥ = +(Ba+ ab) modulo Ly,

for some «, with a # 5. If pb = 0 then we may assume that pa = 0 or baaa or
(in the case when p = 1 mod3) wbaaa or w?baaa, giving

{(a,b| baab, babb + baaa, pa, pb, class 4), (6.399)

(a,b| baab, babb + baaa, pa — baaa, pb, class 4), (6.400)

{(a,b| baab, babb + baaa, pa — wbaaa, pb, class 4) (p = 1 mod 3), (6.401)
{a,b| baab, babb + baaa, pa — w?baaa, pb, class 4) (p = 1mod 3). (6.402)

But if pb # 0 then we must have pa = Apb for some A. Provided A # £1 we can take

ad = —=la+b,
b = a— b,
and then we have pb' = 0, and replacing a,b by a’,b’ we are back in the case above.

So it remains to consider the case when pa = £pb # 0. Replacing b by —b if
necessary we may assume that pa = pb = pbaaa for some pu # 0. If we let

a = (1+ B)a+ Bb,
bV = Ba+(1+P)b
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for some [3 # —1/2, then
pa' = pb' = (1+ 28)ubaaa,
Vdda = (1+28)*aaa.

So if we choose 3 so that 1+ 23 = u then pa’ = pb' = b'd’d’d’. So replacing a,b by
a',b we have

{(a,b| baab, babb + baaa, pa — baaa, pb — baaa, class 4). (6.403)

5.7.3 Case 3

Finally consider the case when baab = 0 and babb = —wbaaa. It is straightforward to
show that if ', generate L and if b'a'a’d' =0, V'a'b't/ = —wb'd'd’a’ then
a = aa+ fbmodulo Ly,

V¥ = £(wpPa+ ab) modulo Ly,

for some «, 3 not both zero. We can always choose b’ so that pb' =0, and so we have
(a,b| baab, babb + wbaaa, pa, pb, class 4), ( )

(a,b| baab, babb + wbaaa, pa — baaa, pb, class 4), ( )

(a,b| baab, babb + wbaaa, pa — wbaaa, pb, class 4) (p = 1 mod 3), (6.406)

{a,b| baab, babb + wbaaa, pa — w?baaa, pb, class 4) (p = 1 mod 3). ( )

5.8 Descendants of 5.39

Let L be an immediate descendant of 5.39 order p®. Then L is generated by a,b, Ly
is generated by ba modulo L3, and L3 is generated by baa,bab modulo L4, and L4
has order p and is generated by baaa. We also have pa — bab and pb € L,. Note that
(b) + Lg is a characteristic subalgebra.

If pb # 0 then we may suppose that pa = bab. And scaling @ we may suppose
that pb = baaa or (in the case when p = 1mod 3) wbaaa or w?baaa. This gives

{(a,b| pa — bab, pb — baaa, class 4), (6.408)
{(a,b| pa — bab, pb — wbaaa, class 4) (p = 1 mod 3), (6.409)
{a,b| pa — bab, pb — w?baaa, class 4) (p = 1 mod 3). (6.410)

So suppose that pb = 0 and that pa = bab + Abaaa. If we let o' = aa, b' = +b

then
pd =Va't £ a2\ d'dd.

So we have

(a,b| pa — bab, pb, class 4), (6.411)
{(a,b| pa — bab — baaa, pb, class 4), (6.412)
(a,b| pa — bab — wbaaa, pb, class 4) (p = 1 mod 4). (6.413)
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5.9 Descendants of 5.40

Let L be an immediate descendant of 5.40 order p®. Then L is generated by a,b, Lo
is generated by ba modulo L3, and L3 is generated by baa,bab modulo L4, and L4
has order p and is generated by baaa. We also have pa — wbab and pb € Ls. Note
that <b> + L, is a characteristic subalgebra. This case is very similar to the case of
the descendants of 5.39.

If pb # 0 then we may suppose that pa = bab. And scaling a we may suppose
that pb = baaa or (in the case when p = 1 mod3) wbaaa or w?baaa. This gives

(a,b| pa — wbab, pb — baaa, class 4), (6.414)
{(a,b| pa — wbab, pb — wbaaa, class 4) (p = 1 mod 3), (6.415)
{a,b| pa — wbab, pb — w?baaa, class 4) (p = 1 mod 3). (6.416)

So suppose that pb = 0 and that pa = wbab + Abaaa. If we let o' = aa, b = +b
then
pa’ = wb'd't £ o 2\'d'd'd.

So we have

{(a,b| pa — wbab, pb, class 4), (6.417)
(a,b| pa — wbab — baaa, pb, class 4), (6.418)
{(a,b| pa — wbab — wbaaa, pb, class 4) (p = 1 mod 4). (6.419)

5.10 Descendants of 5.41

Let L be an immediate descendant of 5.41 order p®. Then L is generated by a,b, Lo
is generated by ba modulo L3, and L3 is generated by baa,bab modulo L4, and L4
has order p and is generated by babb. We also have pa — baa and pb € L. If a', b’
generate L and satisfy the same relations as a,b modulo Ly, then

!
a = «aa modulo Lo,

b = «a 'bmodulo Lo

for some a # 0.

Let pa = baa + Ababb, and let pb = ubabb. We can assume that g =0 or 1, and if
p =0 we can assume that A =0 or 1 or (in the case when p = 1mod3) w or w?. So
we have

{(a,b| pa — baa, pb, class 4), ( )

(a,b| pa — baa — babb, pb, class 4), ( )

(a,b| pa — baa — wbabb, pb, class 4) (p = 1 mod 3), (6.422)
{a,b| pa — baa — w?babb, pb, class 4) (p = 1 mod 3), ( )
{(a,b| pa — baa — Ababb, pb — babb, class 4) (0 < A\ < p). ( )
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5.11 Descendants of 5.42

Algebra 5.42 has a presentation
{(a,b| pa — baa, pb — \bab, class 3),

where A # 0. However this algebra is terminal unless A = —1. So let L be an
immediate descendant of 5.42 order p6 with A = —1. Then L is generated by a,b, Lo
is generated by ba modulo L3, and L3 is generated by baa, bab modulo L4, and L4 has
order p and is generated by baab. We also have pa — baa and pb+ bab € L. 1f o', b’
generate L and satisfy the same relations as a,b modulo Ly, then

a = oaa modulo Lo,

b = a 'bmodulo Lo
for some « # 0, or

a = abmodulo Lo,

¥ = o 'amodulo Ly

for some a # 0.
Let pa = baa+ pbaab, pb = —bab+vbaab. If one of u, v is non-zero, then swapping
a and b if necessary we may assume that g # 0. Then scaling we may suppose that
u=1. So we have
(a,b| pa — baa, pb+ bab, class 4), (6.425)

(a,b| pa — baa — baab, pb + bab — vbaab, class 4) (0 < v < p). (6.426)

5.12 Descendants of 5.43 ~ 5.44

Algebras 5.43 and 5.44 are both terminal.

5.13 Descendants of 5.45

Let L be an immediate descendant of 5.45 order p®. Then L is generated by a,b, Ly
is generated by ba modulo L3, and L3 is generated by baa, bab modulo L4, and L4 has
order p and is generated by baaa, with babb = —wbaaa. We also have pa + bab and
pb + wbaa € Ly. If a', b generate L and satisfy the same relations as a,b modulo Ly,
then

ad = aa+ fbmodulo Lo,
V¥ = z(wPa+ ab) modulo L,

for some «, 8 with a? —wp? = 1.
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Let pa + bab = Abaaa and pb + wbaa = pbaaa. If we let o' = aa + Bb and
b' = +(wPa + ab) then

ba' = Zba,
Va'a = +(abaa + Bbab),
ba't = wpbaa + abab,
bd'dd = =baaa,
pa +bdb = +(al+ Bu)bddd,
pb +wbd'd = (wBA+ ap)b'ddd.
We degne an equivalence relation on the set of ordered pairs (A, u) € Z, X Z, by
setting

(N 1) ~ (A, )
if
(X, 1) = (£(aA + Bp), wBA + ap)

for some a, B with a?—wpB? = 1. So equivalent pairs correspond to isomorpic algebras.
It is straightforward to show that if (A, u') ~ (A ) then p? — wA\? = p? — wA2
Conversely, if (A, p) # (0,0) and (N, p') # (0,0) then we can ¢nd «, 5 so that

(N, ') = (@A + Bu, wBA + ap),

and o? — wP? = 1if and only if p? — wA? = p? — wWA? So there are p equivalence
classes corresponding to the p distinct values of /LQ — wA2.Thus we have p algebras

{a,b| pa + bab — Abaaa, pb + wbaa — ubaaa, class 4) (0 < X\, u < p), (6.427)

with the isomorphism class depending only on the value of ,u2 — w2
If p=1mod4 (so that —1 is a square) then a complete set of representatives of
the p equivalence classes is given by

{{O)0<A<(p—1)/2}U{(0,p) [0 < p < (p—1)/2}

If p=3mod4, then
{(\0)[0< A< (p—1)/2}

is a set of representatives for the equivalence classes with p? — wM? = k? for some k.
However it is not so easy to gnd a set of representatives for the classes with pu? —w\?

not a square!

5.14 Descendants of 5.46

Algebra 5.46 is terminal.
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5.15 Descendants of 5.47

Let L be an immediate descendant of 5.47 order p®. Then L is generated by a,b, Lo
is generated by pa,pb modulo Ls, and L3 is generated by p?a modulo L4, and L, has
order p and is generated by paa. We also have ba and p2b € L4. Subtracting a suitable
scalar multiple of pa from b we may assume that p2b = 0. And we may assume that

ba = 0 or p3a. So we have
{a,b] ba, p°b, class 4), (6.428)

{a,b| ba — p’a, p°b, class 4). (6.429)

5.16 Descendants of 5.48

Let L be an immediate descendant of 5.48 order p®. Then L is generated by a,b, Lo
is generated by pa,pb modulo Ls, and L3 is generated by p?a modulo L4, and L, has
order p and is generated by p3a. We also have ba —pza and pzb € L,. Subtracting
suitable scalar multiples of pa and pb from b we may assume that ba = p?a and that
p?b = 0.

{a,b]| ba — pa, p°b, class 4). (6.430)

5.17 Descendants of 5.49

Let L be an immediate descendant of 5.49 order p®. Then L is generated by a,b, Lo
is generated by ba,pa modulo Lz, and Ls is generated by p?’a modulo L4, and L4 has
order p and is generated by p*a. We also have baa, bab and pb in L. Subtracting a
suitable scalar multiples of p%a from b we may assume that pb = 0. If bab # 0 then
we can assume that bab = p®a or wpa and that baa = 0. And if bab = 0 then we can
assume that baa = 0 or pia.

(a,b| baa, bab, pb, class 4), (6.431)
{a,b]| baa — p*a, bab, pb, class 4), (6.432)
{a,b] baa, bab — p’a, pb, class 4), (6.433)
{a,b| baa, bab — wp’a, pb, class 4). (6.434)

5.18 Descendants of 5.50

Let L be an immediate descendant of 5.50 order p®. Then L is generated by a,b, Lo
is generated by ba,pa modulo L3, and L3 is generated by baa modulo L4, and Ly has
order p and is generated by baaa. We also have bab, p’a and pb in Ls. If p’a # 0
we can assume that pb = 0, and scaling b we can assume that p’a = baaa. On the
other hand, if p?a = 0 then we have pb = 0 or baaa or (in the case when p = 1 mod 3)
wbaaa or w?baaa. Let bab = \baaa.
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If pa = pb =0 then we can assume that A = 0 or 1, giving
p
{a,b| bab, p2a, pb, class 4), (6.435)

{a,b| bab — baaa, p*a, pb, class 4). (6.436)

If p’a = baaa then we can assume that A = 0,1,w or (in the case when p =
1mod4) w? or w®. So we have

{a,b| bab, p*a — baaa, pb, class 4), (6.437)
{a,b]| bab — baaa, p°a — baaa, pb, class 4), (6.438)
{a,b| bab — wbaaa, p*a — baaa, pb, class 4), (6.439)
{a,b]| bab — w’baaa, p*a — baaa, pb, class 4) (p = 1 mod 4), (6.440)
{a,b]| bab — w’baaa, p*a — baaa, pb, class 4) (p = 1 mod 4). (6.441)
If pb # 0 but p?a = bab = 0 we have
{a,b] bab, p*a, pb — baaa, class 4), (6.442)
{a,b| bab, p*a, pb — wbaaa, class 4) (p = 1 mod 3), (6.443)
{a,b]| bab, p*a, pb — w?baaa, class 4) (p = 1 mod 3). (6.444)

And gnally, if p?a = 0 but bab and pb are non-zero, then we can take bab = baaa,
and then we have

{a,b| bab — baaa, p*a, pb — baaa, class 4), (6.445)
{a,b]| bab — baaa, p*a, pb — wbaaa, class 4) (p = 1 mod 3), (6.446)
{a,b]| bab — baaa, p*a, pb — w?baaa, class 4) (p = 1 mod 3). (6.447)

5.19 Descendants of 5.51

Let L be an immediate descendant of 5.51 order pb. Then L is generated by a,b, Lo
is generated by ba,pa modulo L3, and L3 is generated by baa modulo L4, and L4 has
order p and is generated by baaa. We also have bab, p*a and pb — baa in L.

If we let ' = a— b then ba'a’ = baa — Bbab and so if bab # 0 then we can assume
that pb = baa. And if p’a # 0 then subtracting a scalar multiple of pa from b we can
similarly assume that pb = baa. But if bab = p?a = 0 then we have pb = baa + \baaa
where replacing @ by —a changes A to —\. So we have (p+ 1)/2 algebras

{a,b] bab, p*a, pb — baa — Abaaa, class 4) (0 <\ < (p—1)/2), (6.448)

with A and —\ giving isomorphic algebras.

70



So suppose that bab = pbaaa, and p*a = vbaaa, pb = baa, with at least one of i,V
non-zero. We can assume that 4 = 0 or 1, and if 4 =0 we can assume that v = 1.

So we have
{a,b| bab, p*a — baaa, pb — baa, class 4), (6.449)

and p algebras

{a,b| bab — baaa, p°a — vbaaa, pb — baa, class 4) (0 < v < p). (6.450)

5.20 Descendants of 5.52

Let L be an immediate descendant of 5.52 order pﬁ. This case is almost identical to
the previous case. As above, L is generated by a,b, Ly is generated by ba,pa modulo
L3, and L3 is generated by baa modulo L4, and L4 has order p and is generated by
baaa. We also have bab, p*a and pb — wbaa in Ly.

If we let ' = a — Bb then ba'a’ = baa — Bbab and so if bab # 0 then we can
assume that pb = wbaa. And if p?a # 0 then subtracting a scalar multiple of pa
from b we can similarly assume that pb = wbaa. But if bab = p?a = 0 then we have
pb = wbaa + Abaaa where replacing @ by —a changes A to —A. So we have (p+1)/2
algebras

{a,b| bab, p*a, pb — wbaa — Abaaa, class 4) (0 < X < (p—1)/2), (6.451)

with A and —\ giving isomorphic algebras.
So suppose that bab = pbaaa, and p*a = vbaaa, pb = baa, with at least one of i,V
non-zero. We can assume that g4 = 0 or 1, and if 4 = 0 we can assume that v = 1.

So we have
{a,b| bab, p*a — baaa, pb — wbaa, class 4), (6.452)

and p algebras

{a,b]| bab — baaa, p*a — vbaaa, pb — whaa, class 4) (0 < v < p). (6.453)

5.21 Descendants of 5.53

This algebra is terminal.

5.22 Descendants of 5.54

Let L be an immediate descendant of 5.54 order p®. Then L is generated by a,b, Lo
is generated by ba,pa modulo L3, and L3 is generated by bab modulo Ly, and L4 has
order p and is generated by babb. We also have baa, p?a and pbin Ly.

If p’a # 0 then we can assume that pb = 0. We can assume that baa = 0 or babb.
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Consider the case when baa = 0. If p?a # 0 then we can assume that p*a = babb
or (in the case when p = 1mod3) wbabb or w?babb. And if p?’a = 0 then we can
assume that pb = 0 or babb.

Now consider the case when baa = babb. If p*a # 0 then p*a = babb or (in the
case when p = 1mod3) wbabb or w?babb. And if p?a = 0 then we can assume that
pb = 0, babb, wbabb or (in the case when p = 1mod4) w?babb or w3babb. So we have

{a,b| baa, p*a, pb, class 4), (6.454)

{a,b] baa, p*a, pb — babb, class 4), (6.455)

{a,b| baa, p*a — babb, pb, class 4), (6.456)

{a,b| baa, p*a — wbabb, pb, class 4) (p = 1 mod 3), (6.457)

{a,b]| baa, p*a — w’babb, pb, class 4) (p = 1 mod 3), (6.458)

{a,b| baa — babb, p®a, pb, class 4), (6.459)

{a,b| baa — babb, p*a, pb — babb, class 4), (6.460)

{a,b| baa — babb, p*a, pb — wbabb, class 4), (6.461)

{a,b| baa — babb, p*a, pb — w?babb, class 4) (p = 1 mod 4), (6.462)
{a,b| baa — babb, p*a, pb — wbabb, class 4) (p = 1 mod 4), (6.463)
{a,b| baa — babb, p*a — babb, pb, class 4), (6.464)

{a,b| baa — babb, p*a — wbabb, pb, class 4) (p = 1 mod 3), (6.465)
{a,b| baa — babb, p*a — w?babb, pb, class 4) (p = 1 mod 3). (6.466)

5.23 Descendants of 5.55 ~ 5.57

These three algebras are terminal.

5.24 Descendants of 5.58

Let L be an immediate descendant of 5.58 of order p®. Then L is generated by a,b,
L, is generated by ba,pa modulo L3, and Lj is generated by p?a modulo L4, and Ly
has order p and is generated by p3a. We also have baa and pb — ba in Ly.

Subtracting a suitable scalar multiple of p?a from b we may assume that pb = ba.
And we may assume that baa = 0 or p3a. So we have

{(a,b| baa, pb — ba, class 4), (6.467)

{a,b]| baa — p*a, pb — ba, class 4). (6.468)
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5.25 Descendants of 5.59

This algebra is terminal.

5.26 Descendants of 5.60

Let L be an immediate descendant of 5.60 of order p®. Then L is generated by a, b, Lo
is generated by ba modulo L3, and L3 is generated by baa modulo L4, L4 is generated
by baaa modulo Ls, and L5 has order p and is generated by baaaa, baaab. We also
have bab, pa and pbin Ls.

We can assume that the commutator structure is the same as one of the algebras
6.30 ¥ 6.32 from the list of nilpotent Lie algebras over Zj, of dimension 6. So we can
assume that one of the following sets of commutator relations holds.

bab = baaab =0,
bab

bab = baaaa = 0.

baaaa, baaab = 0,

5.26.1 Case 1

Suppose that bab = baaab = 0. Then Ly is generated by baaaa and pa = Abaaaa,
pb = pbaaaa for some A, p. If pb # 0 then we can assume that pa = 0 and we
can assume that pb = baaaa, wbaaaa or (in the case when p = 1mod4) w?baaaa or
w3baaaa. And if pb = 0 then we can assume that pa = 0 or baaaa. So we have

(a,b| bab, baaab, pa, pb, class 5), (6.469)

{(a,b| bab, baaab, pa — baaaa, pb, class 5), (6.470)

{a,b| bab, baaab, pa, pb — baaaa, class 5), (6.471)

{(a,b| bab, baaab, pa, pb — wbaaaa, class 5), (6.472)

{a,b| bab, baaab, pa, pb — w’baaaa, class 5) (p = 1 mod 4), (6.473)
{a,b| bab, baaab, pa, pb — w*baaaa, class 5) (p = 1 mod4). (6.474)

5.26.2 Case 2

Suppose that bab = baaaa, baaab = 0. As above, Ls is generated by baaaa and
pa = Abaaaa, pb = pbaaaa for some A, p. If pb # 0 then we can assume that pa = 0
and we can assume that pb = baaaa, wbaaaa or (in the case when p = 1mod4)
w?baaaa or w3baaaa. And if pb = 0 then we can assume that pa = 0 or baaaa or
wbaaaa or (when p = 1mod6) w?baaaa or w3baaaa or w*baaaa or w’baaaa or . So
we have

{a,b| bab — baaaa, baaab, pa, pb, class 5), (6.475)
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(a,b| bab — baaaa, baaab, pa — baaaa, pb, class 5), (6.476)
{(a,b| bab — baaaa, baaab, pa — wbaaaa, pb, class 5), (6.477)
{a,b| bab — baaaa, baaab, pa — w?baaaa, pb, class 5) (p = 1 mod 3), (6.478)
{a,b| bab — baaaa, baaab, pa — wbaaaa, pb, class 5) (p = 1 mod 3), (6.479)
{a,b]| bab — baaaa, baaab, pa — w*baaaa, pb, class 5) (p = 1 mod 3), (6.480)
{a,b]| bab — baaaa, baaab, pa — w’baaaa, pb, class 5) (p = 1 mod 3), (6.481)
(a,b| bab — baaaa, baaab, pa, pb — baaaa, class 5), (6.482)
{(a,b| bab — baaaa, baaab, pa, pb — wbaaaa, class 5), (6.483)
{a,b]| bab — baaaa, baaab, pa, pb — w’baaaa, class 5) (p = 1 mod 4), (6.484)
{a,b| bab — baaaa, baaab, pa, pb — w’baaaa, class 5) (p = 1 mod 4). (6.485)

5.26.3 Case 3

Finally, suppose that bab = baaaa = 0. So Ls is generated by baaab and pa = Abaaab,
pb = pbaaab for some A, p. If pb # 0 then we may assume that pb = baaab and that
pa = 0, baaab, wbaaab or (in the case when p = 1 mod4) w?baaab or w3baaab. And if
pb = 0 then we can assume that pa = 0, baaab, wbaaab. So we have

{(a,b| bab, baaaa, pa, pb, class 5), (6.486)

{(a,b| bab, baaaa, pa — baaab, pb, class 5), (6.487)

{(a,b| bab, baaaa, pa — wbaaab, pb, class 5), (6.488)

(a,b| bab, baaaa, pa, pb — baaab, class 5), (6.489)

{(a,b| bab, baaaa, pa — baaab, pb — baaab, class 5), (6.490)

(a,b| bab, baaaa, pa — wbaaab, pb — baaab, class 5), (6.491)

{a,b| bab, baaaa, pa — w?baaab, pb — baaab, class 5) (p = 1 mod 4), (6.492)
{a,b| bab, baaaa, pa — wbaaab, pb — baaab, class 5) (p = 1 mod 4). (6.493)

5.27 Descendants of 5.61 ~ 564

These algebras are all terminal.
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5.28 Descendants of 5.65

Let L be an immediate descendant of 5.65 of order p®. Then L is generated by a,b, Lo
is generated by ba modulo L3, and L3 is generated by baa modulo L4, L4 is generated
by baaa modulo Ls, and L5 has order p and is generated by baaaa, baaab. We also
have bab — baaa, pa and pb in Ls.

The commutator structure of L must be the same as one of the algebras 6.33 or
6.44 from the list of nilpotent Lie algebras over Zp of dimension 6. So we may assume
that bab = baaa, and that either baaaa = 0 or baaab = 0.

5.28.1 baaaa = 0

Let bab = baaa and let baaaa = 0. Then Ls is generated by baaab and pa = Abaaab,
pb = pbaaab for some A, pu. If a',b' generate L and o, b satisfy the same commutator
relations as a,b then @’ = aa modulo Ly and b = o?b modulo Ly for some o # 0.
Then

pa = apa=a A\'dddV,

pb = opb= o Pubdddl.
One possibility is that A = = 0:
{(a,b| bab — baaa, baaaa, pa, pb, class 5). (6.494)

If A=0and p# 0 then we have

{(a,b| bab — baaa, baaaa, pa, pb — baaab, class 5), (6.495)
(a,b| bab — baaa, baaaa, pa, pb — wbaaab, class 5) (p = 1 mod5), (6.496)
{a,b| bab — baaa, baaaa, pa, pb — w’baaab, class 5) (p = 1 mod5), (6.497)
{a,b| bab — baaa, baaaa, pa, pb — wbaaab, class 5) (p = 1 mod5), (6.498)
{a,b| bab — baaa, baaaa, pa, pb — w*baaab, class 5) (p = 1 mod 5). (6.499)

And if A #0 and g = 0 then we have

{(a,b| bab — baaa, baaaa, pa — baaab, pb, class 5), (6.500)

(a,b| bab — baaa, baaaa, pa — wbaaab, pb, class 5), (6.501)
{a,b| bab — baaa, baaaa, pa — w?baaab, pb, class 5) (p = 1 mod 3), (6.502)
{a,b| bab — baaa, baaaa, pa — wbaaab, pb, class 5) (p = 1 mod 3), (6.503)
{a,b| bab — baaa, baaaa, pa — w*baaab, pb, class 5) (p = 1 mod 3), (6.504)
{a,b| bab — baaa, baaaa, pa — w’baaab, pb, class 5) (p = 1 mod 3). (6.505)
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Finally consider the case when A and p are both non-zero. If p # 1 modulo 5,
then we can take g4 =1 and then we have p — 1 algebras

{(a,b| bab — baaa, baaaa, pa — Abaaab, pb — baaab, class 5) (0 < A < p, p # 1 modb).

(6.506)
And if p = 1 modulo 5, then we can take p = 1,w,w? w? or w* and for any give
value of i, diccerent values \, N give isomorphic algebras if > = A5, So we again
have p — 1 algebras

(a,b| bab— baaa, baaaa, pa — A\baaab, pb — pbaaab, class 5) (p = 1 mod5), (6.506A)

where 4 = 1,w,w2,w3, or wand 0 <\ < p, with A running over a set of representa-
tives for the equivalence classes for the equivalence relation

A~ AT = 25,

5.28.2 baaab = 0

Let bab = baaa and let baaab = 0. Then Ly is generated by baaaa and pa = Abaaaa,
pb = pbaaaa for some A, p. If a', b’ generate L and a', b satisfy the same commutator
relations as a,b then ¢ = aa modulo Ly and b = &b modulo Ly for some o # 0.
Then

pd = apa=a’Xdddd,
pbt o’pb = o tubd'd'dd.
So we obtain

(a,b| bab — baaa, baaab, pa, pb, class 5), (6.507)
(a,b| bab — baaa, baaab, pa, pb — baaaa, class 5), (6.508)
{(a,b| bab — baaa, baaab, pa, pb — wbaaaa, class 5), (6.509)
{a,b| bab — baaa, baaab, pa, pb — w’baaaa, class 5) (p = 1 mod4), (6.510)
{a,b| bab — baaa, baaab, pa, pb — w’baaaa, class 5) (p = 1 mod 4), (6.511)
{(a,b| bab — baaa, baaab, pa — baaaa, pb, class 5), (6.512)
{(a,b| bab — baaa, baaab, pa — wbaaaa, pb, class 5) (p = 1 mod5), (6.513)
{a,b| bab — baaa, baaab, pa — w*baaaa, pb, class 5) (p = 1 mod 5), (6.514)
{a,b]| bab — baaa, baaab, pa — wbaaaa, pb, class 5) (p = 1 mod 5), (6.515)
{a,b| bab — baaa, baaab, pa — w*baaaa, pb, class 5) (p = 1 mod5). (6.516)

If p# 1 modulo 5, then we can take A =1 and then we have p — 1 algebras

(a,b| bab — baaa, baaab, pa — baaaa, pb — pbaaaa, class 5) (0 < p < p, p # 1 mod?5).
(6.517)
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And if p = 1 modulo 5, then we can take A = 1,w,w2,w , Or w* and for any give

value of A, diceerent values i, ,u' give isomorphic algebras if ,u5 = ,u'5. So we again

have p — 1 algebras
{(a,b| bab— baaa, baaab, pa — Abaaaa, pb— pbaaaa, class 5) (p = 1 mod5), (6.517A)

where \ = 1,w,w2,w3, or w*and 0 < U < p, with p running over a set of representa-
tives for the equivalence classes for the equivalence relation

NNNI if N5:/vbl5'

5.29 Descendants of 5.66 ~ 5.72

These algebras are all terminal.

5.30 Descendants of 5.73

Let L be an immediate descendant of 5.73 of order p®. Then L is generated by a, b, Lo
is generated by pa modulo L3, and Ls is generated by p?a modulo Ly, Ly is generated
by p3a modulo Ls, and L5 has order p and is generated by p*a. We also have ba and
pb in Ls.

Subtracting a suitable scalar multiple of pa from b we may assume that pb = 0.
And we may assume that ba = 0 or p*a. So we have

(a,b| ba, pb, class 5), (6.518)

{a,b| ba — p'a, pb, class 5), (6.519)

5.31 Descendants of 5.74

This algebra is terminal.
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