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Abstract

We count the number of p-groups of exponent p, and order at most p’,
for p > 5. Thus the problem reduces to counting nilpotent Lie algebras of
dimension at most 7 over Z,.

1 Dimension 1,2 and 3

We have the abelian Lie algebras of dimension 1,2,3, and {(a,b|[b, a,a] = [b, a, b] = 0),
which has class 2 and basis {a,b,[b,a]}. So there is one of dimension 1, one of
dimension 2, and two of dimension 3.

Total is 4.

2 Dimension 4

In addition to the abelian Lie algebra of dimension 4 (4.1), we have two Lie algebras.
The grst is
{(a,b|[b,a,a] =0, class 3) (4.2)

which has basis {a,b,[b,a],[b,a,b]}. The second is
(a,b|class 2) & {c). (4.3)
This has basis {a,b,c, [b,al}, with the generator ¢ lying in the centre.

So the total is 3.

3 Dimension 5

3.1 5 generators

The only 5 generator nilpotent Lie algebra of dimension 5 is the abelian one (5.1).



3.2 4 generators

A four generator nilpotent Lie algebra of dimension 5 must be a descendent of the
abelian Lie algebra of dimension 4. There are two possibilities, both of class 2, with
the derived algebra of dimension 1. They are

(a,b|class 2) @ (c) ® (d), (5.2)

and
(a,b|class 2) ®[qp=[c,a (C,d |class 2) (5.3)

3.3 3 generators

A three generator Lie algebra of dimension 5 must be a descendent of the abelian Lie
algebra of dimension 3, or a descendent of (a,,b|c1ass 2) D (C)

First we consider descendants of the abelian Lie algebra of dimension 3. Let L be
generated by a,b,c. The algebra L must have class 2, and the breadth of L must be
2. So we may assume that L? has basis {[a,b],[a,c]}. So [b,c] = Aa,b] + ula, c] for
some A, . But then [b— pa,c+ Aa] = 0. Replacing b, ¢ by b— pa,c+ Aa, we see that
L has a presentation

(a,b,c|[b,c] =0, class 2). (5.4)

Next we consider a descendent of {a,b|class 2) @ (c). Let L be generated by a,b.
Then
L/L? = {a,b]class 2) & (c),

and L3 has dimension 1. The subalgebra of L generated by a and b must have class
3 and dimension 4, and we can assume that [b, a, a] = 0 and that L?® is spanned by
[b, a,b]. We must have [a,c|] = A[b,a,b] and [b,c] = p[b, a,b] for some A, . Replacing
¢ by ¢+ u[b,a] we get [b,c] =0. And then by scaling ¢ we may assume that A =0 or
1. So we have two possibilities here:

(a,b|[b,a,a] =0, class 3) & (c), (5.5)

and

(a,b,c|[b,a,a] = [b,c] =0, [a,c] = [b,a,b], class 3). (5.6)

These two Lie algebras are certainly not isomorphic, since in the grst one cis central,
while in the second one the centre is spanned by |a, b, b].

3.4 2 generators

Let L be a 2 generator nilpotent Lie algebra of dimension 5, and let the generators
of L be a,b. Then L must be a descendent of {(a,b|class 2) or of {a,b|[b,a,a] =0,
class 3)



In the grst case L is the free 2 generator Lie algebra of class 3
(a,b|class 3) (5.7)

In the second case L3/L* must have dimension 1, and we can assume that [b, a,a] €
L* and that L*is spanned by [b,a,b,b]. So L has basis

{a,b,[b,a],[b,a,b],b,a,b,b]},

and L is
(a,b|[b,a,a] =0, class 4), (5.8)

or

(a,b|[b,a,a] = A[b,a,b,b], class 4)

with A # 0. Setting a' = A 'a we have
[b,d',a'] = X%b,a,a] = \"'[b,a,b,b] = [b,d,b,b].
So we may assume that A =1 and we have
(a,b|[b,a,a] =[b,a,b,b|, class 4). (5.9)

It is clear that 5.8 and 5.9 are not isomorphic since in 5.8 the centralizer of L? has
dimension 4, but in 5.9 it has dimension 3.

4 Dimension 6

4.1 6 generators

The only 6 generator nilpotent Lie algebra of dimension 6 is the abelian one (6.1).

4.2 5 generators

Let L be a 5 generator nilpotent Lie algebra of dimension 6. Then L is a descendent
of the abelian Lie algebra of dimension 5, with L? of dimension 1. So there are two
possibilities for L:

(a,b|class 2) ® (c) ® (d) ® (e), (6.2)

and

(a,b] cass 2) Suypea (¢, d| dass 2) & (e). (6.3



4.3 4 generators

Let L be a four generator nilpotent Lie algebra of dimension 6, and let L be generated
by a,b,c,d. Then L must be a descendent of the abelian Lie algebra of dimension 4,
or of 5.2. (The algebra 5.3 is terminal.)

First consider the case when L is an immediate descendant of the abelian Lie
algebra of dimension 4. Then L2 has dimension 2 and L must have breadth 2. So we
may suppose that a has breadth 2. We can assume that [a,b] and [a,c| form a basis
for L?, and that [a,d] = 0. As above we may suppose that [b,c] = 0. We have to
consider various possibilities for the values of [b,d] and [c, d].

One possibility is that these are both zero, in which case we have

{a,b,c|[b,c] =0, class 2) & (d). (6.4)

Another possibility is that [b,d] and [c,d] span a space of dimension 1. In this
case we can assume that [c,d] = 0. Then [b,d] = A|a, b]+ u[a, | for some A, . Setting
b' = b+ vc we obtain

[, d] = [b,d] = A[a,b] + pla, c] = Aa,b'] + (1 — A\v)]a, c].

If A # 0 we can choose V so that 4 — Av = 0, and then replacing b by 0’ and replacing
d by \7'd we obtain

(a,b,c,d|]a,d] = [b,c] = [¢,d] =0, [b,d] = [a,b], class 2).

We get a slightly simpler presentation for this algebra on generators @’ = a+d, b’ = ¢,
d =0, d =d with basis [V, d'], [d', ] for L*

(a,b|class 2) & (¢, d|class 2). (6.5)
On the other hand if A =0 (and p # 0) then replacing d by u~'d we obtain
{(a,b,c,d||a,d] = [b,c] =[c,d] =0, [b,d] = [a, ], class 2). (6.6)

The algebras 6.4, 6.5 and 6.6 are all distinct. First note that dis in the centre of 6.4,
but that in 6.5 and 6.6 the centre is the derived algebra. One way to see that 6.5 is
not isomorphic to 6.6 is as follows. In 6.5 the elements b, c,d all have breadth one.
But in 6.6 we will show that the only elements in the span of a,b,c,d which have
breadth one are the elements in the span of c,d.

To see this, consider an element £ = a + Ab+ puc+ vd in 6.6. Then [z,c] = [a, ]
and [z,b] = [a,b] — v[a,c]. So = has breadth 2, and hence any element outside the
span of b,c,d has breadth 2. Next consider an element y = b + uc + vd. Then
ly,a] = —[a,b] — pla, c] and [y,d] = [a,c]. So y has breadth 2 and hence every element
outside the span of ¢,d has breadth 2. The non-zero elements in the span of c,d all
have breadth 1.



The gnal possibility is that [b,d],[c,d] span a space of dimension 2. As above,
L? is spanned by [a,b],[a,c] and [b,c] = [a,d] = 0. Replacing d by d + Aa, and then
scaling d, we may suppose that [b,d] = [a,c|. Let

[¢;d] = ofa, b] + Bla, c],
where a # 0. Let b’ = b+ pc. Then

[b',d] = pofa,b] + (1+ pp)la,d,
[a,b'] = [a,b] + pla,c].

So

[bla d] = poz[a, bl] + 7[0" C]a
[C’ d] = a[a’ bl] + (ﬂ - Na) [CL, C]'

If we let ;= /2« and replace d by d + (3/2)a then we have

b'.d] = 9la,d],
[c,d] = ala,V],

where «,7 # 0. Scaling d and replacing b by b’ we may assume that 7 = 1. So we
have [b,d] = [a,c], [c,d] = afa,b]. Now let a' = va, ¢ = v~'c. Then [b,d] = [d',(]
and [¢,d] = av ?[d’,b]. So we can assume that & = 1 or w (where w generates
the multiplicative group of Z,). But if & = 1 then [b+ ¢,d] = [a,b + ] so that
[b+c,d+ a] =0, and we are back to an earlier case. So we are left with one further
possibility:

(a,b,c,d|a,d] =[b,c] =0, [b,d| =[a,c], [c,d] = w|a,b], class 2) (6.7)

We need to show that 6.7 is distinct from 6.4, 6.5, and 6.6. First not that the
centre of 6.7 is its derived algebra, so 6.7 is distinct from 6.4. We show that 6.7 is
distinct from 6.5 and 6.6 by counting elements of breadth 1. Consider an element
r=a+Ab+pc+vdin 6.7. Then [z,b] = [a,b] —V|a,c], [z,c] = [a, c] — vw[a, b]. Since
1 — v%w # 0, x has breadth 2, and hence any element outside the span of b,c,d has

breadth 2. Next consider an element y = b+ pc + vd. Then [y,a] = —[a,b] — pla, ]
and [y,d] = [a,c] + pwla,b]. So y has breadth 2 and hence every element outside
the span of ¢,d has breadth 2. Next consider z = ¢ + vd. Then [z,a] = —[a,c],

[2,d] = wla,b], so any element outside the span of d has breadth 2. Finally d has
breadth 2, so every element outside the derived algebra has breadth 2.
Now suppose that L is a descendent of 5.2. So

L/L? = {a,b]class 2) & {c) & (d).

Then L3 must both have dimension 1, and the subalgebra generated by a,b must
have class 3 and dimension 4. So we may assume (a, b, c) is 5.5 or 5.6, and that



the commutators [a,d],[b,d],|[c,d] are all scalar multiples of [b,a,b]. If these three
commutators are all zero then d is central, and we have

(a,b|[b,a,a] =0, class 3) ® (c) ® (d), (6.8)

or

(a,b,c|[b,a,a] =1[b,c] =0, [a,c] = [b,a,b], class 3) ® (d). (6.9)
Let us consider the case when d is not central and
{a,b,c) = {a,b|[b,a,a] =0, class 3) & (c).

If [c,d] = 0 then cis central so that interchanging ¢ and d we have 6.9. If [c,d] # 0
then we can assume that [c,d| = [b,a,b]. We can replace a by a + Ac and replace b
by b+ uc so that [a,d] = [b,d] =0. So we have a central product

(a,b|[b,a,a] =0, class 3) Bppq,b=[c,q (C; d | class 2). (6.10)
Finally, consider the case when d is not central and when
(a,b,¢) ={a,b,c|[bya,a] =[b,c] =0, [a,c] = [b,a,b], class 3).

Replacing d by d + Ac + u[b,a] we may assume that [a,d] = [b,d] = 0. Since we are
assuming that d is not central, we may suppose that [c,d] = [b,a,b]. So we appear to
have one more Lie algebra

(a,b,c,d|[b,a,a] = [b,c] =0, [a,c]=1[b,a,b],
[a,d] = [b,d] =0, [c,d] =[b,a,b], class 3).
However in this algebra, a + d and b are both centralized by ¢ and d and the map

a—a+d,b—b, c— ¢, d— dgives an isomorphism from 6.10 to this algebra.

4.4 3 generator

Let L be a three generator nilpotent Lie algebra of dimension 6, and let L be generated
by a,b,c. Then L is a descendent of the abelian Lie algebra of dimension 3, or of
(a,b|class 2) @ (c), or of 5.4, 5.5, 5.6.

4.4.1 case 1

If Lis a descendent of the abelian Lie algebra of dimension 3 then L is

{(a,b, c|class 2). (6.11)



4.4.2 case 2

Now let L be a descendent of {(a,b]|class 2) @ {c). Then the subalgebra generated
by a,b must be the free class 3 Lie algebra on two generators and [a,c| and [b, c] are
linear combinations of [b,a,a] and [b,a,b]. If [a,c] = [b,c] = 0 then we have

(a,b|class 3) @ (c). (6.12)

If [a, C] and [b, C] are linearly dependent then we can assume that [b, C] = (. Suppose
that
la, c] = A[b, a, a] + p[b, a, b].

If A =0 then replacing ¢ by pu 'c we have [a,c] = [b,a,b]. If X\ # 0 then replacing a
by a' = Aa + pb then

[d,¢] = Ma, c] = b, a,d] = [b,d,d].
So we have
(a,b,c|[b,c] =0, [a,c] = [b,a,b], class 3) (6.13)
and
(a,b,c|[b,c] =0, [a,c] =[b,a,al, class 3). (6.14)

In 6.12 the centre is spanned by ¢, [b,a,al,[b,a,b] but in 6.13 and 6.14 the centre is
spanned by [b,a,al,[b,a,b]. So 6.12 is not isomorphic to 6.13 or 6.14. Consider an
element

aia + axb + asc + oulb, a] + aslb, a, a] + aglb, a,b] € L.

If oy = 0 then this element has breadth at most 2 in both 6.13 and 6.14. And if

o and g are both non-zero then it has breadth 3 in both algebras. Suppose that

a1 # 0 and ayg = 0. Then the element has breadth 3 in 6.13 but breadth 2 in 6.14.

So 6.13 has more elements of breadth 3, and the two algebras are not isomorphic.
The next case to consider is when

L/L? = {a,b] dass 2) @ (c),

with L3 spanned by [b,a,al,[b,a,b] and with [a,c],[b,c| linearly independent. Re-
placing ¢ by ¢+ A[b,a] we may assume that [a,c] = u[b,a,b]. Since [a,c],[b,c] are
linearly independent, y # 0 and replacing ¢ by p~'c we have [a,c] = [b,a,b]. Let
[b, c] = alb,a, a]+ B[b, a,b]. Note that « # O since [a, c|, [b, c] are linearly independent.
Let a' = ~ya, b' = 0b, ¢ = ec. Then

[d', ] = ~yela, ] = velb,a,b] = ;—Q[b',a',b']
and
Be

[, ¢] = delb, ] = adelb, a, a] + Boelb, a,b] = %[b’, s+ Sl b)
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Taking € = §? we have [d/,c| = [I/,d’, V] and
2
v, c] = %[b’, o0+ 2w, b,
Y Y

If B =0 then we can assume that a(52/’yQ = 1 or w, where w is a generator for the
multiplicative group of non-zero elements in Zp. But if 0452/’)/2 =1 then

[ +0,d]=0,d,d]+[V,d,b]=[V,d,d + V]

and replacing ¢’ by ¢’ +[b', d'] we have [a'+0', | = 0. This contradicts the assumption
that [a, c], [b, C] are linearly independent. So one possibility is

(a,b,c|la,c]=1[b,a,b], [bc|] =wlb,a,al, class 3). (6.15)

We show that this is the only possibility as follows. Let [a,¢] = [b,a,b] and
[b, c] = a[b,a,a] + B[b, a,b] where a, 3 # 0. Let a' =a+ Ab. Then

b,d',a'] = [b,a,a]+ \b,a,b,
[b,a',b] = [b,a,b],
[d',c] = [a,c]+ A, c] = Aalb,a,a] + (1 + AB)[b, a, b].

So

[d,c] = Xafb,d,a]+ (1+ A8 — Na)[b,d,b],
[b,c] = abd,d]+ (8- al)b,d,b).

If we let A = 3/2c then we have

1SS

b,c] = alb,d,d]+ g[b, a’, bl
for some 7. Now let ¢/ = c+ (8/2)[b,d’]. Then

[ala CI] = ’Y[b: a/’ b],

[b,c] = alb,d,d].,
and by suitable scaling we may take v =1 and o = w, as above.

4.4.3 case 3

Let L be a descendent of 5.4. So L/L? = (a,b,c|[b,c] =0, class 2) and L3 is spanned
by one of
la,b,al,|a,c,al,la,b,b], [a,c,c] |a,b,c] =]|a,c,b].
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First, suppose that one of [a, b, b], [a,b, ], [a, ¢, ¢| is non-zero. Since [a,b+c,b+c| =
2[a, b, c] we may (if necessary) replace b by c or b+cso that L®is spanned by [a, b, b].
Then we can choose ¢ to centralize [a,b] so that [a,b,c] = [a,¢,b] = 0. We have
[b, c] = ala, b, b] for some «. Replacing ¢ by ¢+ «fa, b] we may suppose that [b,c] = 0.

Let @' = a+ Ab+ pc. Then [d,b,d'] = [a,b,a] + A[a, b,b] and [d, ¢, d'] = [a,c,a] +
pla, ¢, c]. So we can choose @ so that [a,b,a] =0 and if [a,c,c| # 0 we can also choose
a so that [a,c,a] = 0.

If [a,c,c] =0 then we can scale ¢ so that [a,c,a] =0 or [a,b,b]. So we have

(a,b,c|[b,c] =[a,b,a] = [a,c,a] = [a,b,c] = [a,c,c] =0, class 3), (6.16)
or
{(a,b,c|[b,c] =a,b,a] =[a,b,c] =[a,c,c] =0, [a,c,a] = [a,b,b], class 3). (6.17)

If [a,c,c] # 0 then [a,c,c] = Bla, b, b] for some § # 0. Scaling ¢ we may suppose
that 8 =1, or w (where w generates the multiplicative group of Zjy). So we have

(a,b,c|[b,c] =[a,b,a] = [a,c,a] = [a,b,c] =0, [a,¢,c] = [a,b,D], class 3), (6.18)
or
(a,b,c|[b,c] =la,b,a] =[a,c,a] =[a,b,c] =0, [a,c, ] =wla,b,b], class 3). (6.19)

Next suppose that [a,b,b] = [a,c,c] = [a,b,¢] = 0. Then one of [a,b,al,]a,c,al
must be non-zero and we may suppose that L®is spanned by [a, b, a] and that [a,c,a] =
0. We have [b,c] = ¥[a, b, a] and scaling ¢ we may assume that ¥ =0 or 1. So we have

(a,b,c|[b,c] =[a,b,b] =[a,c,c] =a,b,c] = [a,c,a] =0, class 3), (6.20)
or
(a,b,c|la,b,b] =la,c,c] =a,b,c] =a,c,a]l =0, [b,c|] =a,b,al], class 3). (6.21)

We need to show that the six algebras 6.16 - 6.21 are all distinct. In 6.16 the
centralizer of L? is spanned by a,c modulo L2, in 6.17 it is spanned by ¢, in 6.18 and
6.19 it is spanned by a, and in 6.20 and 6.21 it is spanned by b,c modulo L?. Let C
be the centralizer of L?. Then C has dimension 4 in 6.17, 6.18, 6.19, but dimension 5
in the other three algebras. Also, [C, L] has dimension 2 in 6.17, but dimension 3 in
the other gve algebras. So 6.17 is distinct from the other gve algebras. In 6.16 [C,C]
is not contained in L3, but in 6.20 and 6.21 it is. So 6.16 is distinct from the other
gve algebras. In 6.20 C'is abelian, but in 6.21 it is not. So 6.20 and 6.21 are distinct
from each other and from the other four algebras. It remains to prove that 6.18 is
not isomorphic to 6.19. Consider a possible automorphism of 6.18. It must map C
to C, and so it must map a to @’ = Aa+d for some \ # 0 and some d € L% Let b',c



be the images of b and ¢ under the automorphism. Then b, ¢ must generate a two
dimensional abelian subalgebra with trivial intersection with L% so

b = pBb+yc+e,
d = db+ecH+f,
for some scalars 3,7, 6,& with B # 70 and some e, f € L?. Also e and f must be

chosen so that [0/,c] = 0. It is straightforward to see that [a’,b',d'] = [d/,c,d'] = 0.
We also require that [a/,0,¢] = 0. Now

[a', V', ] = \(B6 + ve)[a, b, b,
and so we require 30 + v = 0. Also

[@, 0, 0] = A(B”+7°)]a,b,b],
[d,c,cd] = X0+ &?)[a,b,b].

We want to show that it is impossible to choose a’,d', ¢ in such a way that the above

conditions are satisged and
! / / ! ! /
[d',c, ] =wla, Vb,

and this would require 62+¢% = w(B%+~?%) # 0. The conditions f& # 74, fd+ve =0
imply that if § = 0 if and only if € = 0 and that if this holds then 7¥,0 # 0. But
then we require 62 = wy? which is impossible. So we may suppose that 3 # 0. Then
d = —veB 1t and 62 + 2 =£?(B? + v%)B72 So we require

(B +7°)B72 =w(B>+ ) #0.

But this would imply that w = 2872, which is impossible.

4.4.4 case 4

Let L be a descendent of 5.5. So L/L* = (a,b|[b,a,a] = 0, class 3) @ (c). Then L*
has dimensionl and is spanned by [b,a,b,b|. The subalgebra generated by a,b is a
gve dimensional descendent of (a,b|[b,a,a] = 0, class 3), so we may suppose that
[b,a,a] = 0 or [b,a,b,b]. We have [a,c] = Alb,a,b,b] and [b,c|] = p[b,a,b,b]. ¥ X\ # 0
then we can scale ¢ so that A = 1, and replace b by b+ va so that [b,c|] = 0. So we
have

(a,b,c|[b,a,a] =0, [a,c] = [b,a,b,b], [b,c] =0, class 4), (6.22)

or

{a,b,c|[b,a,a]l = [b,a,b,b|, [a,c] =[b,a,b,b], [b,c] =0, class 4). (6.23)
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On the other hand, if [a,c] = 0 then we can scale ¢ so that [b,c|] =0 or [b,a,b,b]. But
if [b,¢] = [b,a,b,b] then replacing ¢ by ¢ + [b,a,b| gives [b,c] = 0, while preserving
[a,c] = 0. So this gives

(a,b|[b,a,a] =0, class 4) & (c), (6.24)
{(a,b|[b,a,a] =[b,a,b,b], class 4) & (c). (6.25)
Clearly 6.22 and 6.23 have centres of dimension 1, and 6.24 and 6.25 have centres

of dimension 2. In 6.22 and 6.24 the centralizer of L? has dimension 5, but in 6.23
and 6.25 the centralizer of L? has dimension 4. So these four algebras are distinct.

4.4.5 case
Let L be a descendent of 5.6. So
L/L* = (a,b,c|[b,a,a] = [b,c] =0, [a,c] = [b,a,b], class 3).

Then L* has dimension 1 and is spanned by [b,a,b,b]. The subalgebra generated by
a,bis a 5 dimensional algebra of class 4, and so we may suppose that [b, a, a] =0or
[b,a,b,b]. We have [b,c] = A[b,a,b,b] and [a,c|] = [b,a,b] + plb, a,b,b] for some A, p.
Replacing ¢ by ¢+ A[b,a,b] we may suppose that [b,c] =0. If 4 =0 we have

(a,b,c|[b,a,a] = [b,c] =0, [a,c] = [b,a,b], class 4), (6.26)
or
(a,b,c|[b,a,a] = [b,a,b,0], [b,c] =0, [a,c] = [b,a,b], class 4).
However, if we replace a by a -+ ¢ in this last algebra, we obtain 6.26.
If 4t #0,let b’ =b— ve. Then
[b',c] = 0
b',a] = [b,a]+v[b,a,b]+ uvlb,a,b,b
b a,a) = [b,a,d]
[b',a,0'] = [b,a,b]+vba,b b —vba,c|
= [b,a,b] + 2v[b,a,b],
[, a,0',0'] = [b,a,b,bl.
So if we let ¥ = u/2 and we have [0',c] = 0, [a,c] = [V/,d,V], [b',a,a] = 0 or
[b',a,0,0']. So the case pu 7# 0 reduces to the case p = 0 dealt with above.

4.5 2 generators

Let L = (a, b) be a two generator nilpotent Lie algebra of dimension 6. Then L must
have class at least 4, and L/L* must have dimension 4 or 5. So L is a descendent of
(a,b| [b,a,a] =0, class 3) or one of 5.7, 5.8, 5.9. However {a,b|[b,a,a] =0, class 3)
does not have an immediate descendent of dimension 6, so L is a descendent of one
of 5.7, 5.8, 5.9.
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4.5.1 case 1

Suppose that L is a descendent of 5.7. Then L/L* = (a,b]|class 3), and L* has
dimension 1.

First consider the case when some element of L3\L4 is central. We may suppose
that [b,a,a] is central, and that L*is spanned by [b,a,b,b]. So we have

(a,b|[b,a,a,a] = [b,a,a,b] =0, class 4). (6.27)
Now consider the case when no element of L3\L4 is central. Since
[b,a+b,a+b,a+ b =[b,a,a,a]+ 2[b,a,a,b]+[b,a,b,bl,

interchanging a and b, or replacing a by a + b, if necessary, we may suppose that
[b,a,a,a] # 0. Then we can choose b so that [b,a,a,b] =[b,a,b,a] = 0. Since [b,a, b
is not central, we have [b,a,b,b] = A[b,a,a,a] for some A # 0. By scaling a we may
assume that A = 1 or w (where w generates the multiplicative group of Zjy). so we
have

(a,b|[b,a,a,b] =0, [b,a,b,b] =[b,a,a,al], class 4), (6.28)

or

{(a,b|[b,a,a,b] =0, [b,a,b,b] = wb,a,a,a], class 4). (6.29)
Clearly 6.27 is distinct from 6.28 and 6.29 since the centre of 6.27 has dimension
2 while the centre of 6.28 and 6.29 has dimension 1. The proof that 6.28 and 6.29
are not isomorphic is essentially the same as the proof that 6.18 and 6.19 are not
isomorphic.

4.5.2 case 2

Next suppose that L is a descendent of 5.8. So
L/L® = {a,b|[b,a,a] =0, class 4)

and L® has dimension 1, and is spanned by [b,a,b,b,b] or [b,a,b,b,al.
First suppose that [b,a,b,b,a] = 0. Then L° has basis [b,a,b,b,b] and [b,a,a] =
Alb, a,b,b,b] for some A. Scaling a we may suppose that A =0 or 1. So we have

(a,b|[b,a,a] = [b,a,b,b,a] =0, class 5), (6.30)

or

{(a,b|[b,a,a] =[b,a,b,b,b], [b,a,b,b,al =0, class 5), (6.31)

Next suppose that [b,a,b,b,a] # 0. Then b+ pa must centralize [b, a,b,b] for some
p. If we set b’ = b+ pa then [0, a,a] = [b,a,a]. So, replacing b by b’ we may suppose
that b centralizes L%, and that

[b,a,a] = A[b,a,b,b,al
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for some A. If we set @' = a+ A[b, a,b] then

[b,d'] = [b,a] — A[b,a,b,b
[b,a’,b] = [b,a,b,
b,a',0,8 = [b,a,b,b],
b,a',b,b,b] = 0
[b,a',b,b,a] = [b
(b

b,d,d] =

] a’ b7 b’ a]7
,a,a] + A[b, a, [b,a,b]] = 0.

So we may assume that A =0 and that we have
(a,b|[b,a,a] = [b,a,b,b,b] =0, class 5). (6.32)
In 6.30 the centralizer of L2 is (a) + L% in 6.31 it is L?, and in 6.32 it is L*. So
these three algebras are distinct.

4.5.3 case 3

Finally suppose that L is a descendent of 5.9. So
L/L® = {a,b]|[b,a,a] = [b,a,b,b], class 4)

and L® has dimension 1 and is spanned by [b,a,b,b,a] or [b,a,b,b,b].
First suppose that [b,a,b,b,a] = 0. Then L° has basis [b,a,b,b,b] and [b,a,a] =

[b,a,b,b] + A[b, a, b, b, b] for some A. If we let b’ = b+ pa then
[, a] [b, a],

[b',a,a] = [b,a,ad,

b, a,b'] = [b,a,b]+ ulb,a,a,

[,a,b',0'] = [b,a,b,b]+ ub,a,b,a]+ ulb,a,a,b]+ p?b,a,a,a
[b,a,b,b] + 2ulb,a,b,b,b.

If we let 1= A/2 then [V/,a,a] = [V,a,b,]. So Lis
(a,b|[b,a,a] =[b,a,b,bl], [b,a,b,b,a] =0, class 5). (6.33)

Next suppose that [b,a,b,b,a] # 0. Then b+ pa must centralize [b, a, b, b] for some
p. If we set b’ = b+ pa then (as above)

[b',a] = [b,d],

[b',a,d] [b, a, al,
[b',a,0'] = [b,a,b]+ ulb,a,al,
W, a,t',t] = [ba,b,b mod L.
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So [V/,a,a] = [V/,a,,b'] mod L°. So, replacing b by b’ we may suppose that b
centralizes L*, and that

[b,a,a] = [b,a,b,b] + A[b,a,b,b,al
for some A. Now let a' = a+ (A/2)[b,a,b]. Then

[b,a'] = [b,a] = (A/2)[b,a,b,0],
b,d',d'] = [b,a,a]+ (7\/2)[b,a,[b,a,b]] — (\/2)[b,a,b,b,a
= [b,a,b,b,
[b,a’,b] = [b,a,b],
b,d,b,b] = [bab,b),
[b,d',b,b,a'] = [b,a,b,b,al,
b,a',b,b,b] = 0.

So replacing a by ' we may suppose that [b,a,a] = [b,a,b,b], [b,a,b,b,b] = 0. This
gives
(a,b|[b,a,a] =[b,a,b,b], [b,a,b,b,b] =0, class 5). (6.34)

The algebras 6.33 and 6.34 are not isomorphic since the centralizer of L? is L? in
6.33, but is L* in 6.34.

4.6 Reconciliation

Here is a reconciliation between the numbering for dimension 6 algebras given above
and the numbering given in David Wilkinson’s paper 1iThe groups of exponent p and

order p’ (p any prime)j.

2 [3 |4 [5 |6 [7 [8 o [ [11 |12 [13 |14 |
6.1 6.2 6864612 [6.3][6.9 624625 6.11 65 |6.6]6.7]6.13 |

15 16 17 18 19 20 21 22 23 24
6.16 | 6.14 | 6.20 | 6.21 | 6.15 | 6.27 | 6.10 | 6.22 | 6.23 | 6.18

25 26 27 28 29 30 31 32 33 34
6.19 | 6.17 | 6.29 | 6.28 | 6.26 | 6.30 | 6.31 | 6.32 | 6.33 | 6.34

Note that in 6.32 the relation [b,a,a] = 0 implies that [b,a,b,a] = 0 since we are
dealing with a Lie algebras. But in group 32 (with a and b interchanged) the relation
[b,a,b] =1 does not imply that [b,a,a,b] = 1.
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5 Dimension 7

The total number of nilpotent Lie algebras of dimension 7 over Zj is 7p + 174 +
2gcd(p—1,3). This is valid for all odd p, including p = 3. However for p = 3, in case
1 of the three generator groups there are 22 algebras, and 23 for p > 3, and in case
11 of the three generator groups there are 3 + ged(p — 1,3) groups when p = 3, but
2 + ged(p — 1, 3) groups when p > 3.

5.1 7 generators

The only 7 generator nilpotent Lie algebra of dimension 7 is the abelian one (7.1)
[DW .1].

5.2 6 generators

Let L be a 6 generator nilpotent Lie algebra of dimension 7. Then L is a descendent
of the abelian Lie algebra of dimension 6, with L? of dimension 1. So there are three
possibilities for L [DW.2,6,110]:

(a,b|class 2) @ (c) ® (d) & (e) & (f), (7.2)

and
(a,b|class 2) ®pap=[c,q (¢, d|class 2) B (e) @ (f), (7.3)
(a, b ‘ class 2> Dla,b]=[c,d]=le.] (C, d | class 2> Bla,b]=[c,d]=le,f] (e, f ‘ class 2>. (7.4)

5.3 5 generators

Let L be a gve generator nilpotent Lie algebra of dimension 7. Then L is an immediate
descendent of 5.1 or 6.2. (The algebra 6.3 is terminal.)

5.3.1 case 1

Let L be an immediate descendent of 5.1, and let the generators of L be a,b,c,d,e.
Then L? has dimension 2, so L has breadth 2, and we may suppose that a has breadth
2. We may also suppose that L? is spanned by [a,b], [a, ] and that [a,d] = [a,€] = 0.
So {a,b,c,d) is a 4 generator subalgebra of dimension 6, which implies that (a,b,c,d)
is isomorphic to 6.4, 6.5, 6.6, or 6.7. We get 4 algebras if e is central [DW.4,11,12,13].

(a,b,c|[b,c] =0, class 2) & (d) & (e), (7.5)
(a,b,c,d|]a,d] = [b,c] = [c,d] =0, [b,d] = [a,b], class 2) D (e), (7.6)
(a,b,c,d|]a,d] = [b,c] =[c,d] =0, [b,d] = [a,c], class 2) D (e), (7.7)

(a,b,c,d|]a,d] =[b,c] =0, [b,d] =[a,cl, [c,d] = w|a,b], class 2) & (e). (7.8)
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For the remaining 5 generator algebras L of dimension 7 we assume that L? is
spanned by [a,b],[a,c], and that [a,d] = [a,e] = [b,c] = 0. We divide them into two
types ~ those where [d,e] =0 and those where [d,e] # 0.

First we consider algebras where [d,e] = 0. We show that these reduce to the
situation when e is central (which were dealt with above), and to algebras (with
a diccerent choice of generators) in which [d, 6] # 0. We subdivide algebras with
[d,e] = 0 into two further cases ~ those where b has breadth 2, and those where
every non-zero element in the span of {b,c} has breadth 1.

So suppose that [d,e] = 0 and that b has breadth 2. Then b must be centralized
by aa + Bd+ e for some «, 3,7 with 8% 0 or 7 # 0. Replacing e by aa + Bd + ve
may suppose that [b,e] = 0. If [¢,e] = 0 then e is central in L and L is isomorphic
to one of 7.5, 7.6, 7.7, 7.8. On the other hand, if [c,e] 7# 0 then b is an element of
breadth 2, and the centralizer of b contains b, ¢, € and so is not abelian. So, replacing
a by b we are in the case [d, e] # 0 which we deal with below.

Next suppose that [d, e] = 0 and that every non-zero element in the span of {b, C}
has breadth 1. Then b is centralized by aa+ d, Sa+ e for some «, 3. Replacing d by
aa + d and replacing e by fa+ e we have [b,d] = [b,e] = 0. Similarly c is centralized
by va+d, da+e for some 7y,d. But this implies that cis centralized by some non-zero
element € in the span of {d,e}. Then € is in the centre of L, and so replacing e by
€' we are in the situation dealt with above.

Now consider the case when [d,e] # 0. Then [d, €] = [a, Bb+ 7yc| for some (3,7 not
both zero. Replacing b by b+ yc, we may suppose that [d, e] = [a,b].

If b has breadth 1 then, as above, we may suppose that [b,d| = [b,e] = 0. If cis
also centralized by d and e then we have

(a,b,c|[b,c] =0, class 2) Dla,b)=[d,¢] (d,e|class 2). (7.9)

[This is DW .43.] If ¢ is not centralized by both d and e and c has breadth 1 then we
may suppose that ¢ is centralized by aa + d and e for some « # 0. Replacing d by
(l/a)d and replacing € by ae we see that we may suppose that c is centralized by
a + d and e, while preserving the relation [d,e] = [a,b]. This gives a Lie algbebra of
class 2 and dimension 7 with generators a, b, c,d, e and relations

[a, d] = [a'a 6] = [b7 C] = [b, d] = [ba 6] = [Ca 6] =0,
[c, d] la, c], [d, e] =a,b].

However if we let @' = a, b' =b—e, ¢ =c¢,d =a+d, ¢ = e, then we see that
a' b, c,d, e satisfy the relations of 7.9, so that this is the same algebra again.

On the other hand, if ¢ has breadth 2 then we may suppose that aa—+d centralizes
¢ for some «, and that [c, ] = A[a, b]+pa, ] for some A, p with A # 0. Let ¢/ = c—Ad.
Then ¢ is centralized by b, ¢, aa + d. And

[, e] = A[a, b] + pla, c] — A\[d, €] = pla, c] = pla, ]
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So ¢ has breadth 1, and replacing ¢ by ¢ we obtain 7.9 or 7.10.

Now suppose that b has breadth 2. We may suppose that [b,e] = 0 and that
[b,d] = Aa, b + pla, c] for some A, g with p # 0. If we let d' = d+ Aa then [a,d'] =0,
[d',e] = [a,b] and [b,d'] = ula,c|]. So replacing d by d' we have [b,e] =0, [b,d] = ula, c].
Scaling ¢ can take pu = 1.

If ¢ has breadth 1 then [c,d] = a]a,c|, [c,e] = Bla, ] for some «, . If 5 # 0 then
we let d = d — (a/f)e, so that [a,d]| =0, [d,e] = [a,b], [b,d] = pla,d], [¢,d] = 0.
So replacing d by d' we may suppose that o = 0. In other words, we may suppose
that at least one of o, 3 is zero. If « = f = 0 then we have an algebra [DW .44] with
relations

la,d] = J[a,e]=[b,c]=1be]=][c,d =]ce=0, (7.10)
b,d] = Ja,c], [d,e] =][a,b].

If o =0and B # 0 then we have an algebra with relations

[a7 d] = [0'7 e] = [bv C] = [b7 6] = [Ca d] =0,
[b,d] = la,d], [c, el = Bla,c], [d e =]a,bl.

Replacing a by [a and replacing d by Sd we obtain

[a,d] = la,e] =[b,c] =[b,e]=lc,d] =0,
[b,d] = Ja,d], [c,e] =]a,c], [d,e] =]a,b].
But if we set ' = a, b =b+d,d =c¢, d =d, ¢ = a+e, then we see that a',b',c,d', €

satisfy the relations of 7.10, so that this is not a new algebra.
If @ #0and B =0 then we have an algebra with relations

la,d] = [a,e]=[b,c]=1[be]=]cel =0,
[b,d] = [a,dc], [c,d] = ala,c], [d,e] = [a,b].

Now we let b’ = b+ ae, ¢ =c— ab. Then

la,d] = [a,e]=[V,d]=1[V,e]=]c,e] =0,
[d,d] = e, d]—ab,d] =0,

[b',d] = [b,d]—ald,e] =a,c] —aa,b] =a,c],
[d,e] = [a,b],

so that we have algebra 7.10.

Finally suppose that b and ¢ both have breadth 2. As above we may suppose
that [b,d] = [a,c], [b,e] = 0. Let [c,d] = A[a,b] + pla, c], and set ¢ = c+ Ae. Then
la,c] = [a,¢], [b,d] =0, [¢,d] = [c,d] — A|d, e] = p|a, c]. So replacing ¢ by ¢ we may
assume that A = 0. Now let [c,e] = ala,b] + f[a,c|. If a = 0 then ¢ has breadth 1,

17



and that case has already been covered. So we may suppose that « # 0. If 4 and (8
are both non-zero then we let ¢ =c— (au/B)e. We have [a, | = [a,c], [b,c] =0,

[cla d = [e,d]+ (ap/B)ld,e] = (ap/B)[a,b] + pla, c],
[d,e] = [c €] = ala,b] + Ba, ]

So [¢,d] and [c/,e] are linearly dependent and setting d = d — (u/fB)e we have
[¢,d] =0. We also have

[b,d] = [b,d] = [a, ] = [a,c],
so replacing ¢ by ¢ and replacing d by d’ we may assume that [c,d] = 0.

Summarizing, we have [b,d] = [a,c]|, [b,e] = 0, [¢,d] = pla,c], [c,e] = afa,b] +
Bla,c] where o # 0 and where at least one of u, 3 equals zero.

Consider the case when 3 =0. Let ' = aa+b+ pe, ¢ = c—apa — pb— ad. Then
[a,b'] = [a,b], [a,c] = [a,c] — ula,b], and

[b', ] = ala, ] — alb, d] — ulc, e] + apla, b] = 0.
Furthermore
[b',d] = [b,d] — pld, e] = [a, c] — pla, b] = [a, ],
[b',e] = [b,e] =0,
[, d] = [c,d] — u[b,d] =0,
[, e] = [c,e] —ald,e] =0,
[d, e] = [a, b].
So we have the algebra 7.10.

Finally consider the case when [c,d] = 0, [c,e] = afa,b] + Ba, ], with « # 0.
Let ¥ =aa+b+ fd, ¢ =c— ad, ¢ = fa+e. Then [a,0] = [a,b], [a,c] = [a,c],
[a,d] = [a,€'] =0, and [d, €] = [a,b/]. We also have

', | = ala,c] — alb,d] =0,
[b',d] = [b,d] = [a, ] = [a, ],
[t', €' = —Bla, b] + Bld, ] = 0,
[d,d] =0,
[, €] = =Bla, ]+ [c,e] + ad,e] = 0.
So we have the algebra 7.10 again.

It remains to show that the algebras 7.5 © 7.10 are all distinct. The algebras 7.5 ~
7.8 are of the form L& (e) where L is one of the algebras 6.4 ° 6.7. So these algebras
are all distinct. And it is easy to see that the centre of the algebras 7.9 and 7.10 are
the derived algebras, so the algebras 7.9 and 7.10 are diceerent from 7.5 ~ 7.8. To
show that 7.9 is not isomorphic to 7.9 we count the number of elements of breadth
2 in the two algebra. Algebra 7.9 has (p — 1)p*(p® + p? — 1) elements of breadth 2,

and 7.10 has (p— 1)p3(p3 +p2 —I—p) such elements. So these two algebras cannot be
isomorphic either.
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5.3.2 Case 2

Let L be an immediate descendent of 6.2. Recall that 6.2 is the algebra
(a,b|class 2) ® (c) ® (d) @ (e).

So L?is generated modulo L® by [b,a], and [a,c], [a,d], [a,e€], [b,c], [b,d], [b,€], [c,d],
[c,e], [d, €] all lie in L®. The Jacobi identity implies that c,d,e all centralize [b,al,
and so L3 is spanned by [b,a,a], [b,a,b]. Since L® has dimension 1, we can choose
a,b so that [b,a,b] = 0 and L?® is spanned by [b,a,a]. So the centralizer of L? is
(b,c,d,e) + L?, and the centralizer of L modulo L3 is {c,d,e) + L.

First, we show that we may assume that [a,c] = [a,d] = [a,e] = 0. Suppose
that [a,c] = a[b,a,a], and let ¢ = ¢+ afb,a]. Then [a,] = 0, and we replace ¢
by ¢. In other words, we can assume that [CL, c] = 0. Similarly we can assume that
la,d] = [a,e] = 0.

1t (b,c,d,e) + L? is abelian then we have the algebra [DW.3]

(a,b|[b,a,b] =0, class 3) @ (c) ® (d) & (e). (7.11)

1t (b,c,d,e) + L? is not abelian, but {(c,d,e) + L? is abelian then we may assume
that d,e centralize b and that [b,c] = a[b,a,a] for some a # 0. By scaling ¢ we can
take & = 1. so we have [DW.7]

(a,b,c|[b,a,b] =[a,c] =0, [b,c] = [b,a,a], class 3) & (d) & (e). (7.12)

If {c,d,e) + L? is not abelian then c,d, e generate a 4 dimensional algebra of class
2, with derived algebra spanned by [b,a,al. So we may assume that [c,d] = [b,a,al,
[c,e] = [d,e] = 0. Replacing b by b+ Ac + pd for suitable A, we can assume that
[b,c¢] = [b,d] = 0. Then [b,e] = v[b,a,al], and by scaling € we can assume that v =0
or 1. This gives two algebras [DW .21, DW.111]

(a,b[[b,a,b] =0, class 3) Dp,q,a=[c,q) {C;d | class 2) D (e), (7.13)
and a class 3 algebra with generators a, b, c,d, e and relations
[a,c] = [a,d]=]a,e]=1[bc]=1[bd] =]|ce] =]d,e] =0, (7.14)
[b,a,b] = 0, [be] =]c,d] =[b,a,a].

5.4 4 generators

Let L be a four generator nilpotent Lie algebra of dimension 7. Then L is an imme-
diate descendent of the abelian algebra of dimension 4, or of 5.2 or of one of 6.476.10.
(The algebra 5.3 is terminal.)
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5.4.1 case 1

Let L be an immediate descendant of the abelian algebra of dimension 4. If one of
the generators of L is central then L is [DW.10]

{(a,b,c|class 2) & (d). (7.15)

So suppose that L is generated by a,b, c,d, but that there are no central elements
(other than zero) in the linear span of a,b,c,d. Note that L has class 2 and that L?
has dimension 3.

First we consider the case when @ has breadth 1. We may assume that [a,b] # 0
and that [a,c] = [a,d] = 0. The generator b cannot also have breadth 1, as this
would imply that L? was spanned by [a,b] and [c,d] which is impossible since L? has
dimension 3. Suppose that bhas breadth 2. Then we may assume that [a,b] and [b, |
are linearly independent, but that [b,d] = «fa,b] + B[b, ] for some «, 3, and setting
d = aa — fc+ d we see that L is generated by a,b,c,d and that [a,c] = [a,d] =
[b,d'] = 0. So we have [DW.35]

(a,b,c,d|]a,c] = [a,d] = [b,d] =0, class 2). (7.16)

Next suppose that @ has breadth 1 as above (with [a, ¢] = [a,d] = 0), and that bhas
breadth 3. Then L?is spanned by [a,b], [b, c], [b,d] and [c,d] = afa, b]+ B[b, c|+7[b, d]
for some «, 3,7. If v # 0 then we set ' =b—(1/7)c. Then L is generated by a,¥,c,d,
[a,b'] = [a,b], [a,c] = [a,d] =0, [V/,c] = [b, ], and

1
,d = [bd] — Lle,d) = ~ %o, 0] - P, d,
8 Y 8
so that b’ has breadth 2. Thus if v # 0 we have 7.16. Similarly if 8 # 0 then the
element ' = b+ (1/0)d has breadth 2, and we have 7.16 again. So we may suppose
that [c,d] = afa, b] for some «. By scaling d we have @ = 0 or 1. This gives [DW.39]

(a,b,c,d|a,c] =[a,d] =[c,d] =0, class 2), (7.17)

and [DW .37]
(a,b,c,d||a,c] =la,d] =0, [¢,d] = [a,b], class 2). (7.18)

Now we assume that there are no elements of breadth 1 in the linear span of
a,b,c,d, but that a has breadth 2. We suppose that [a,b] and [a,c| are linearly
independent, but that [a,d] = 0. Suppose for the moment that L? is spanned by

[a,b], [a,c], [b,c].
e e b,d @b ], [ ofb.d

ea ] =l ]+ [ he ]

for some 2 X 2 matrix A and some «, (3.
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Let us grst consider the case when at least one of «, [ is non-zero. Then we can
pick ', in the linear span of b,c so that

b,dl | _ 41 [a,?] 0
e | =4l ]+ Lo
for some A. In other words, replacing b,c by b',c we may assume that o = 0 and

B =1. Let
[c,d] = Aa, b] + pla, c] + [b, c]-

Let ¢ = —Aa+c¢, d = pa+d. Then [a,c] = ac, [a,d'] =0, L? is spanned by [a,b],
[a,c'] and [b, '] and

[d,d] =[-Aa+ ¢, pa+ d] = Na,b| + [b,c] = [b, ]

a,c'] for some 7,0. Now let d" =~vya+d, b/ = —ya+b.

In addition, [b,d']| = v[a,b]+ ]
= a,b], [a,c] = |a,d],

Then [a,d"] =0, and [a, V]
b, ] =[—ya+b,—Xa+c| = [b,c| + Aa, b —7[a, ],
[b,a d”] = [—’)/CL + b; a + dl] = _’Y[a7 b] + [b: dl] = 5[&, Cl]a
[CI’ d”] = [C’, va + d’] = _V[CL’ CI] + [b’ CI] = [bla CI]'

Replacing b,c,d by V', c',d" we see that L is generated by a,b,c,d with L? spanned
by [a,b], [a,c] and [b,¢|]. In addition [a,d] = 0, [b,d] = d]a,c], [¢,d] = [b,c]. We can
assume that 0 # 0, since otherwise d has breadth 1. Then replacing a by da we have
[DW .36]

(a,b,c,d||a,d] =0, [b,d] = [a,c], [c,d] = [b,c], class 2). (7.19)

So we can assume that & = 3 =0, and that
[b,d] | _ , | la,b]
o] =l
for some 2 X 2 matrix A. If we let d = Aa + d then[a,d'] = 0 and
b, d] | _ [a, b]
[ =[]

We choose A so that the trace of A — Al is zero, and then replace d by d'. In other

words, we can assume that
e =4l ]

where A has zero trace, so that the characteristic polynomial of A is x? — 1 for some
[. By scaling a we can replace u by kQ,u for any k. So we may take y = 0,1 or w
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(where w is a generator of the multiplicative group of non-zero elements in Zp). Now
consider the eceect of replacing b,c by b, ¢ where

o ]=r L]

for some non-singular matrix P. Then

e | =rar et |

e =4 0g]

ool [ool-lo 5110 )

So we can assume that

where A is one of

0 0 01

If A= [ 00 :|, then d is central which is dealt with above. If A = [ 00 :| then
. . . 1 0

d has breadth 1, which is also dealt with above. If A = 0 —1 then we have
[b,d] = [a,b], [c,d] = —]a, c|]. But then if we let d' = a+d we have [a,d']| = [b,d'| =0,

! . . 0 w
so that d' has breadth 1. Finally, consider the case when A = 1 0| Then we
have the algebra [DW .38]

(a,b,c,d|]a,d] =0, [b,d] = wla, ], [¢,d] = [a,b], class 2). (7.20)

So far, we have dealt with the situation when L has an element of breadth 1, or
an element of breadth 2. We show that this covers all situations, by showing that L
always has some element of breadth 1 or 2.

So suppose that L is generated by a,b,c,d, and suppose that every non-zero
element in the linear span of a,b,c,d has bread 3. Then L? is spanned by [a,b], [a, ],

[a,d]. We write
(]l ][ ged]

for some 2 X 2 matrix A and some «, . Replacing b by b — aa and replacing ¢ by

¢ — Ba we have
e l=4lid]

If we set d = d+ A\a then we have
o | =a-w [ ]
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so we may assume that A has trace zero, and characteristic polynomial % — u for
some fi. By scaling a we can replace u by k%u for any k. So we may take = 0,1 or
w. As above, we consider the ecect of replacing b,c by V', where

e =r L]

for some non-singular matrix . Then

e | =rar e |

So we can assume that

e | =] od

ol [oo] [0 S [VE]

In the grst two case [¢,d] = 0 so that ¢ and d have breadth at most 2. In the third

where A is one of

0 w
case [b,a+ d] =0, so that b has breadth at most 2. So suppose that A = |: 10 ]

Then [b,d] = wla,c| and [c,d] = [a,b]. We suppose that
1b.c] = ala,b] + Bla,c] + 1la, .

Note that 7 # 0, for if v = 0 then [b — fSa,c+ aa] = 0, and b — Sa has breadth at
most 2. We show that we can choose A, i so that @+ Ab+ pc has breadth at most 2.
It is straightforward to show that [a + Ab+ pc, L] is spanned by
(1 - /,LO!) [(1,, b] o Mﬁ[a, C] - ,u*y[a, d]a
Aala, b] + (1 + AB)la, ] + Ayla, d],
pla, b + Awla, c] + [a, d].
It follows that a + Ab+ pc has breadth at most 2 provided
l—po —pf  —py

det Ao 14+ 28 Ay | =0.
I Aw 1

So we need to gnd A, i such that 1+ A3 — Ayw — po + p?y = 0. We rewrite this
equation as



Suppose we ¢x a value of A. Then clearly we can ¢nd a value of i satsifying this
equation provided

is a square in Zp. Now half the non-zero elements of Zp are squares, and half are not
squares. Furthermore 0 is a square. So (p + 1)/2 elements in Zy, are squares, and
(p — 1)/2 are not squares. As A ranges over Zy,

a? 2 1
2wy 49?2 dwy? v

takes (p + 1)/2 diceerent values, and so it there is some A for which its value is a
square. Thus we can ¢nd A, it so that a + Ab + pc has breadth at most 2.

It remains to show that the algebras 7.1577.20 are distinct. Algebra 7.15 is the
only one of the six in which the centre strictly contains the derived algebra. The
algebras 7.1677.20 have the following numbers of elements of breadth 1: 2p3(p - 1),
PP —1), pP(p — 1), 0, 0. We distinguish between 7.19 and 7.20 by considering
elements of breadth 2: algebra 7.19 has p3(p+ 1)2(p— 1) elements of breadth 2, and
algebra 7.20 has p?’(p2 - 1) elements of breadth 2.

5.4.2 case 2

Now suppose that L is an immediate descendant of 5.2. Then L is generated by
a,b,c,d, L? is generated by [b,a] modulo L3, and L?® is spanned by [b,a,al, [b,a,b].
Note that [b,a,a] and [b,a,b] are linearly independent, since L3 has dimension 2. The
commutators [c,al, [c,b], [d,a], [d,b], [d,c] must all be linear combinations of [b,a,al
and [b, a, b].

We deal separately with the cases when [d,c] = 0 and the cases when [d, c] # 0.

First, consider the case when [d,c|] = 0.

If some non-trivial linear combination of c and d is central then there is no loss in
generality in assuming that d is central, so that L = B@® (d), where B is an imediate
descendant of 4.2 of dimension 6. So L = B@® (d), where B is one of 6.12 * 6.15. this
gives [DW.5, DW.14, DW.16, DW.19]

(a,b|class 3) @ (c) ® (d), (7.21)
(a,b,c|[c,a] =0, [c,b] = [b,a,a], class 3) & (d), (7.22)
{(a,b,cl|[c,a] =0, [c,b] = [b,a,b], class 3) ® (d), (7.23)
(a,b,c|[c,a] =[b,a,b], [c,b] =wlb,a,al], class 3) & (d). (7.24)
If no non-trivial linear combination of ¢ and d is central then {a,b,c) and {a,b, d)

are each isomorphic to one of 6.13 ~ 6.15. We show that it is always possible to choose
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a,b,c,d so that (a,b,d) is isomorphic to 6.14. this means that we can assume that
[d,a] =0, [d,b] = [b,a,b]

First we analyze the conditions under which (a, b, d> is isomorphic to 6.14. We

o ] =5 e

for some 2 X 2 matrix B. If A is any non-singular 2 X 2 matrix over Z, and

7] =[5

i | = qasa i |

If B is diagonalisable then we can replace a,b by suitable a’,b' so that
[d,a] | _ | Alb,a,d]
[d,b] |~ | plba,b]

for some A, y. Note that if A = y then d — A[b,a] is central, and we are back in an
earlier case. So we assume that A # p. Then replacing d by d — A[b,a] and scaling

28] = [ben ]

So we need to show that there always exists an element d in the linear span of ¢ and

can write

then

we have

d for which the associated matrix B is diagonalisable.

Now, as we stated earlier, the subalgebra (a, b, c) is isomorphic to 6.13, 6.14 or
6.15. If {(a,b, c) is isomorphic to 6.14 then we can take d = ¢. So we may assume that
(a, b, c) is isomorphic to 6.13 or 6.15.

First suppose that (a, b, c> is isomorphic to 6.13. Then we may suppose that
[c,a] = [b,a,b], [c,b] = 0. Let

[da] | _{a B]]baa]
[do] | [y 6 ]]bab]
Replacing d by d — B¢ we have
[da] | _ [ 0] [ba,aq]
b | =1y o) | batl |
Now the matrix [3 g :| is diagonalizable unless & = 0 and 7y # 0. So we are done

0 0
unless @ = 0. In this case replace d by d — a[b,a] and we have the matrix |: v 0 :|
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If v =0 then d is central, and we are back in an earlier case. If v # 0 then scaling d
we may suppose that v = 1. But then

e =10 o] L]
01

10
Next suppose that (a,b,c) is isomorphic to 6.15. Then we may choose a,b,c so

and we are done since |: :| is diagonalizable.

0 1
that the matrix associated with a is [w 0 :| If the matrix associated with d is
a f
v 0
So, in every case we may assume that [d,a] =0, [d,b] = [b, a,b]. Let

[c,a] | _ [« B || [baa]

[e.o] | [y 6| [[bab] |
Replacing ¢ by ¢+ (o — 6)b — afb, a] we have

[c,a] | _ [0 B [ba,d

et | =1y 0] | bt |
Note that we can assume that at least one of (3,7 is non-zero, or we are back in an
earlier case. If =0 then we can scale ¢ so that v =1, and then we have [DW .56]

:|, then we replace d by d — Ba, and proceed as above.

(a,b,c,d|[c,al =[d,a] =[d,c] =0, [c,b] = [b,a,al], [d,b] =[b,a,b], class 3). (7.25)

If 7 = 0 then we can scale ¢ so that 8 = 1. If we then replace d by —d+ [b, a] we have

[C’ b] = [d’ b] =0,
[c,al = [b,a,b,
[d,a] = [b,a,d]

and we have 7.25
again. So we may assume that (3,7 are both non-zero, and then by scaling we
have

[c,a] = [b,a,b],
[c,b] = Mb,a,a],

where A =1 or w. This gives [DW .57, DW .58]

(a,b,c,d|[c,a] = [d,b] =[b,a,b], [c,b] = Alb,a,a], [d,a] =[d,c] =0, (7.26)
(A = 1,w), class 3).
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Next we consider the case when [d,c|] # 0. Clearly we may suppose that [d,c] =
[b, a,a]. Replacing b by b+ ac+ d we may suppose that [c,b], [d,b] lie in the span of
[b,a,b]. But then replacing ¢ by ¢+ y[b, a] we may suppose that [c,b] = 0. Similarly
we may suppose that [d,b] = 0. If [c,a] = [d,a] = 0 then we have [DW .54]

(a,b|class 3) Db,a,a]=[d,c] (c,d|class 2). (7.27)

If [c, a] and [d, a] span a space of dimension 1 then we may suppose that [d, a] =0,
and that [c,a] = «a[b,a,a] + B[b,a,b] for some «, 3 not both zero. Replacing ¢ by
¢ — afb,a] we have

[Ca a] = ﬁ[ba a, b]a

[e,b] = —alb,a,b,
[d’ a’] = [da b] =0,
[d,c] = [b,a,a].

IfB=0welet d =a+ad b =0, =c+alba], d =d. Then d,V,,d satisfy
the relations of 7.27, so this case is covered above. If 8 # 0 then we can replace b by
b+ aB taso that [c,b] = 0. So we can assume that o = 0 and by scaling c and d we
obtain [DW .55]

(a,b,c,d|[c,b] =[d,a] =[d,b] =0, [c,a] = [b,a,b], [d,c] = [b,a,a], class 3). (7.28)

On the other hand, if [c,a] and [d,a] span a space of dimension 2 then we may
suppose that [c,a] = A[b,a,b], [d,a] = u[b,a,a] for some non-zero A, . But then
substituting a — uc for a we have [d, a] =0, and we are back to the previous case.

We now show that the algebras 7.2177.28 are all distinct. In all the algebras
the centralizer, C, of L? is spanned by ¢, d, [b,a], [b,a,a], [b,a,b]. This centralizer
C is non-abelian in 7.27 and 7.28, and abelian in the others. In 7.2177.24 <d> is
a direct summand, and when we quotient out this direct summand we get non-
isomorphic algebras. None of the remaining algebras have an abelian direct summand.
To distinguish 7.27 and 7.28 we count the number of elements of breadth 2 in the
centralizer of L?. Consider an element

ac+ Bd+ (b, a] + 0[b, a, a] + €[b, a, b].

In 7.27 this has breadth 2 if and only if v # (. This gives (p— l)p4 elements of bread
2. But in 7.28 this element has breadth 2 if & # 0 or v # 0, so in this case there are
(p— 1)(p+ 1)p® elements of breadth 2. So the two algebras are distinct. In 7.25, a
has breadth 2, but in both algebras 7.26 every element outside C has breadth 3.

So it only remains to show that the values A = 1,w in 7.26 give diceerent algebras.
To this end we let L be 7.26 with A = 1, and we consider all possible generating sets
a',b,c,d for L which satsify the same relations as a,b, ¢, d (except possibly with a
diceerent value of ).
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First consider the situation when a' = aa, b/ = Bb, ¢ = v¢, d = dd. Then we
need
2
ay = pé =ab’,
so v = (32, 6 = aff. This gives a new value of \ equal to o232 So by scaling we can
only obtain values of A which are squares.

Now consider the general case. Since C' = (c, d) + L? is the inverse image in L of
the centre of L/L3? it is clear that ¢/, d’ € C. Let

a = aa+ Bb+ u,
V¥ = ~ya+6b+w,
d = ec+{d+nlbal +z,
d = pc+vd+Ebal+y,

with u,v € C, z,y € L3. Since d has breadth 1, d’ must have breadth 1, and this
implies that p? — &2 —v€ = 0. So either p =€ =0, or £ # 0 and v = p26~1 - €.

First consider the case when ft =& = 0. Then the relation [d’,a’] =0 implies that
B =0. We also have

[d', V] = 6v[d,b] = dovb,a,b,
[V,a'] = (ad—B7)[b,a]lmod L?,
b,d 0] = (ad — Bv)(v[b,a,a] + d[b,a,b]).

So the relation [d', V] = [V/,d',b'] implies that ¥ =0 and v = ad — 7. So

[d,d] = «ele,a]l + anb,a,a,
[, 0] = dele,b] + 6¢[d, b] + on[b, a, b],
b',d,d] = (ad— By)alb,a,a.

So the relation [¢/,a'] = [I/,d’,b'] implies that n = 0 and ae = (ad — By)d. And the
relation [¢, '] = A[V/,d/, d] implies that ( =0, and that A equals

de 6
(@6 = Br)a o
So again we only have square values for A.

Next consider the case when & # 0 and v = p26 1 — €. Scaling d' we may suppose
that £ = 1.Then

[d',d] aplc,a] + Bule, b] + (u* — 1)B[d, b] + a[b, a, a] + B[b, a, b],
[d,b] = ~ule,a] + dule,b] + (u? — 1)d[d, b] + 7[b, a, a] + §[b, a, b],
b',a',a] = (ad— By)(alb,a,a] + B[b, a,b]),
[b',a 0] = (ad— B7y)(v[b,a,a]+ d[b,a,b]).
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So the relations [d’,a'] =0 and [d',0'] = [b,d',V'] imply that

pp+a = 0,
ap+ B’ = 0,
op+vy = (ad—B7)7,
Y+t = (ab — By)d.
The grst equation above implies that &« = —[, and then the fact that we must have

ad — By # 0 implies that 8 # 0. Scaling a’ we may suppose that 5= 1. So

@ = —W

g =1,
op+y = =(0n+7)7,
Y+ op® = —(6p+)6.

Since —0p — v = ad — By # 0, These equations give v = —1, § = —u. So we have

ad = —pa+b+u,
b = —a—pb+w,
d = ec+{d+nlb,a] +z,
d = pc+ (p*—1)d+[b,a] +y,
v,d,a'] = (p*+1)(—pb,a,a+[b a,b]),
v,d, 0] = (pu*+1)(=[b,a,a] — pub,a,b).
So
[Cla al] = —EM[C, a] o n#[b: a, a] + E[C, b] + Q[d, b] + 77[17, a, b]
= (=nu+e)lb,a,a] + (—ep+ ¢+ )b, a, b,
[CI, bl] = _E[Ca a] o n[b, a, a] - 6/1,[6, b] - Cﬂ'[d: b] - nﬂ[ba a, b]
= (—n—ep)lba,a] + (=& = Cu—np)[b, a, b].
Since [¢/,a'] = [V/,a’, V'] we have
—nute = —(u*+1),
—ep+C+n = =W+ 1)y,

and since [¢/, 0] is a scalar multiple of [b',d’,a’] we have

(e+Cu+nupu+n+en=0,
with the new value of A given by

Voo € Cp
pr+1
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These three equations give

€ = u2 -1,
C = _4/'1’5
n o= 2pu,

and so X' = 1. So the two values A = 1,w in 7.26 give diceerent algebras.

5.4.3 case 3

We now consider the case when L is an immediate descendant of 6.4. Then L is gen-
erated by a,b,c,d, L? is generated by [b,a] and [c,a] modulo L3, and L3 is generated
by [b,a,al], [b,a,b], [b,a,c|] = [c,a,b], [¢,a,al], [c,a,c]. The subalgebra generated by
a,b, c has dimension 6, and so is one of 6.16 ~ 6.21.

First suppose that (a,b,c) is 6.16. Then L3 is spanned by [b,a,b] and

[e,b] = [b,a,a] = [c,a,a] = [b,a,c] =[c,a,c] =0.

The commutators [d,al, [d,b], [d,c] are all linear multiples of [b,a,b]. If [d,b] =
ab, a, b] then replacing d by d— «[b, a] we may assume that [d,b] = 0. One possibility
is [d,a] = [d,c] =0 and this give [DW.15]

(a,b,c|[c,b] = [b,a,a] =[c,a,a] = [b,a,c] =[c,a,¢c] =0, class 3) ® (d).  (7.29)

If [d,c] # 0 then we can scale d so that [d,c|] = [b,a,b], and then replacing a by a+ Ac
for some A we may assume that [d,a] = 0. This gives [DW .47]

(a,b,c,d|[c,b] = [d,a]=[d,b] =1[b,a,a] =[c,a,a] =[b,a,c] =][c a,c]=(07.30)
[d,c] = [b,a,b], class 3).

On the other hand, if [d, c] = 0 but [d, a] # 0 then we can scale d so that [d,a] = [b, a, b]
[DW 48]

(a,b,c,d|[c,b] = [d,b]=][d,c]=b,a,a]l=]c,a,a] =1b,a,c]=]ca,c=07.31)
[d,a] = [b,a,b], class 3).

Next suppose that (a,b,c) is 6.17. Then L3 is spanned by [b,a,b] and

[c,b] = [bya,a] =[b,a,c]=]|c,a,c]=0,

[c,a,a] = [b,a,b].
We get three algebras, just as above [DW .26, DW.114]

(a,b,c|lc,b] =[b,a,a] =[b,a,c] =]c,a,c] =0, [c,a,a] = [b,a,b], class 3) ® (d),
(7.32)
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(a,b,c,d|[c,b] = I[d,a]=][d,b] =1[b,a,a] =[b,a,c]=]c,a,c] =0, (7.33)
[d, ] [c,a,a] = [b,a,b], class 3),

and
(a,b,c,d|[c,b] = [d,b]=][d,c]=[b,a,a]=[b,a,c]=]ca,c =0,
[d,a] = [c,a,a] =[b,a,b], class 3).
However if we let d' = d— [c,a] in this last algebra then a,b, ¢, d’ satisfy the relations
of 7.32, so this algebra is already covered.
Now we consider the case when (a,b,c) is 6.18 or 6.19. Again L? is spanned by
[b,a, b] and
[e,b] = [bya,a] =1b,a,c]=][c,a,a] =]c,a,b =0,
[c,a,c] = £[b,a,b]
where £ = 1 or w. Replacing d by d+ alb, a]+ S[c, a] for suitable o, § we may suppose
that [d,b] = [d,c] = 0, and scaling d we may suppose that [d,a] =0 or [b,a,b]. This
gives [DW.24, DW .25, DW.115, DW.116]
(a,b,c|lc,b] =[b,a,a] =[b,a,c] =[c,a,a] =0, [c,a,c] =1[b,a,b], class 3) D (d),
(7.34)

(a,b,c|lc,b] = [b,a,a] = [b,a,c] =[c,a,a] =0, [c,a,c] =wb,a,b|, class 3) & (d),
(7.35)
(a,b,c,d|[c,b] = [d,b]=][d,c]=1ba,a]=1[ba,c|]=]c,a,a =0, (7.36)
[d,a] = [c,a,c]=][b,a,b], class 3),

(a,b,c,d|[c,b] = [d,b]=][d,c]=1b,a,a]=1[ba,c|]=]caa =0, (7.37)
d,a] = [b,a,b], [c,a,c] =wb,a,b], class 3),
(Note that the group DW.117 is isomorphic to DW.115 or DW.116 depending on
whether or not —1 is a square in Zj,. To see this, let a,b,c,d, e, f,g be the generators
in the presentation for DW.117, and let @’ = ab~lc, ¥ = be, ¢ = b, f' = f2d~le.
Then let d' = [b,d'], ¢ = [d,d], ¢ = [d,V]. Tt is straightforward to check that all
commutators in a',b,c,d, €, f', g are trivial except for

b,d] = d,
[d,d] = ¢,
[dlab,] = g/,
[e',d] = ¢,
[, d] = ¢,
1.l = 4.
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So DW .117 is isomorphic to DW.115 if —1 is a square, and isomorphic to DW.116 if
—1 is not a square.)
If (a,b,c) is 6.20 then L3 is spanned by [b,a,a] and

[c,b] = [b,a,b] = [b,a,c] =]c,a,a] =[c,a,b] = [c,a,c] = 0.

Replacing d by d + a[b,a| for suitable o we may assume that [d,a] = 0. If [d,c] =0
then we can assume that [d,b] = 0 or [b,a,a]. And if [d,c] # 0 we can assume that
[d, c] = [b,a,a], and replacing b by b+ ¢ for suitable 8 we may assume that [d,b] = 0.
So we have three algebras [DW.17, DW .50, DW .49]

{(a,b,c|lc,b] =1[b,a,b] = [b,a,c] =[c,a,a] = [¢,a,c] =0, class 3) ®{(d), (7.38)

(a,b,c,d|[c,b] = [d,a] =][d,c]=1b,a,bl =1ba,c|l=]ca,a]=]ca,c=07.39)
[d,b] = [b,a,a], class 3),

(a,b,c,d||c,b] = [d,a]=][d,b] =1b,a,b] =1b,a,c|=]ca,a]=]ca,c =07.40)
[d,c] = [b,a,a], class 3).

Finally consider the case when (a,b,c) is 6.21. Again L3 is spanned by [b,a,al,
but now we have

[b,a,b] = [b,a,c| =c,a,a] =[c,a,b] =[c,a,c] =0, [c,b] = [b,a,al.
Once again we get three algebras [DW.18 and two others]

{(a,b,c|[b,a,b] = [b,a,c] =]c,a,a] = [c,a,c] =0, [¢,b] = [b,a,al, class 3) & {d),
(7.41)

(a,b,c,d||d,a] = [d,c]=[b,a,b] =[b,a,c|=]|c,a,a]=]ca,c]=0,
[c,b] = [d,b] =[b,a,al], class 3),

(a,b,c,d|[d,a] = [d,b]=[b,a,b] =[ba,c]=]ca,a=]|ca,c =0,
[c,b] = [d,c]=[b,a,al, class 3).

But if we replace ¢ by ¢ — d in the second of these algebras then we get 7.39 again,
and if we replace b by b+ d in the third of these algebras we get 7.40 again. So there
is only one new algebra here.

We need to show that the algebras 7.29 ~ 7.41 are distinct. First note that d is
central in the algebras 7.29, 7.32, 7.34, 7.35, 7.38, 7.41, whereas the centres of the
remaining algebras is contained in L% And for these six algebras the quotients L/{d)
are the six diceerent algebras 6.16 ~ 6.21. Next note that [c, a] is central in 7.30, 7.31,
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7.39, 7.40, so that these algebras have centres of dimension 2, whereas the centres of
7.33, 7.36, 7.37 have dimension 1. So it remains to distinguish 7.30, 7.31, 7.39, 7.40
from each other, and to distinguish 7.33, 7.36, 7.37 from each other.

We note that in all these algebras the centralizer of L modulo L3 is the subalgebra
D = (d) + L?, and hence that D is characteristic. Also if we let B = (b,c,d) + L?
then B/L? is the only gve dimensional abelian subalgebra of L/L3. So B is also
characteristic.

First we distinguish between 7.30 from 7.31, 7.39, 7.40 by counting the number
of elements of breadth 3 in each algebra. In all these algebras every element in the
subalgebra B has breadth at most 2. In 7.31, 7.39, 7.40 every element outside B has
breadth 3, but in 7.30 the element a only has breadth 2. So 7.30 is not isomorphic to
the other three algebras. Next note that B centralizes L? in 7.39 and 7.40, but not
in 7.31. To diceerentiate between 7.39 and 7.40 we note that in 7.39 a,c,d generate a
subalgebra C with the following properties.

1. dim(C) = 4,

2. dim(CNL? =1,

3. dim(C' N L?) =0,

4. (' is generated by 3 elements.

We show that 7.40 does contain a subalgebra C with these properties. Suppose, for
a contradiction, that we had such a subalgebra C in 7.40. Note that CNL? = C?. So
C cannot be a subalgebra of B, since B2 = L3?. So C contains an element a’' =a+e
for some e € B. If C contained an element b = b+ f for some f € {(c,d) + L2,
then (using the fact that [c,a] is central) we see that C' would contain the element
[b',d',a'] = [b,a,a]. This would contradict property 3 above. So C must be generated
by a',c,d with ¢ =c+ g, d = d~+ h for some g,h € L2 But this implies that C
contains [d', ]| = [b,a,al, a contradiction.

Now consider 7.33, 7.36 and 7.37. In 7.36 and 7.37 (b, c, d> is an abelian subalgebra
of B of dimension 3 with trivial intersection with L%. The algebra 7.33 has no such
subalgebra. Finally, in 7.36 and 7.37 a,b,c span a complement to the characteristic
subalgebra D = (d) + L? and if a’,b', are any other three elements spanning such a
complement then {a,b,c) is isomorphic to {(a’,b',¢'). In 7.36 (a,b,c) is isomorphic to
6.18, and in 7.37 it is isomorphic to 6.19.

5.4.4 case 4

Next consider the case when L is an immediate descendant of 6.5. Then L is generated
by a,b,c,d, L? is generated by [b,a] and [d,c] modulo L?, and L3 is generated by
[b,a,al], [b,a,b], [d,c,c], [d,c,d]. In addition the commutators [c,al, [d, a], [c,b], [d, b]
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all lie in L. We may suppose that L is spanned by [b,a,b] and that [b,a,a] =
[d,c,c] =0 and [d,c,d] =0 or [b,a,b.

First consider the case when [d,c,d] = 0, so that [d, ] is central. Replacing ¢ by
c—+ a[b, a] for suitable & we may assume that [C, b] = 0. Similarly we may suppose
that [d,b] = 0. Since [c,a] and [d,a] span a space of dimension at most 1 we may
suppose that [d,a] = 0 and that [c,a] = A[b, a,b] for some \. Scaling ¢ we may assume
that A =0 or 1. this gives [DW .45, DW .46]

(a,b|[b,a,a] =0, class 3) ® {c,d | class 2), (7.44)

(a,b,c,d|[d,a] = [e,b] =[d,b] =[b,a,a] =]d,c,c]=][d,c,d] =0, (7.45)

[c,a] = [b,a,b], class 3).
Next consider the case when [d,c,d| = [b,a,b]. As above, we may suppose that
[c,b] = [d,b] = 0. And replacing a by a + f§[d, c| for suitable 3 we may assume that

[d,a] = 0. We have [c,a] = A[b, a,b] for some ), and by scaling @ and ¢ we may assume
that A =0 or 1. This gives [DW.131, DW .132]

(a,b|[b,a,a] =0, class 3) Bpap=[ded (¢, d|[d,c,c] =0, class 3), (7.46)

(a,b,c,d||d,a] = e, b =][d,b] =[ba,a]l=]d,cc|]=0, (7.47)
[c,a] = [bya,b] =][d,c,d], class 3).

We distinguish between these four algebras by counting the numbers of elements
of breadth 1. First note that in any of the algebras an element

e=aa+ pBb+yc+dd+u

with u € L? and e ¢ L? can only have breadth 1 if 8 = 0, and if either o = 0 or
v=209 = 0. So grst consider an element

aa + Alb, a] + pld, c] +v

with  # 0 and v € L3. This has breadth 1 in 7.44, but not in 7.45 or 7.47. In 7.46
it has breadth 1 provided g = 0. Next consider an element

ye+ 6d + A[b,a] + pld, c] +v ¢ L? (v € L?).

This can only have breadth 1 if A = 0. It then has breadth 1 in 7.44. In 7.45 it
has breadth 1 provided 7 = 0, and in 7.46 it has breadth 1 if 6 = 0. It cannot have
breadth 1 in 7.47. Finally consider an element

A[b,a] + pld,c] +v ¢ L? (v e L?).

This element has breadth 1 in 7.46 and 7.47, but only has breadth 1 in 7.44 and 7.45
if A #0. So 7.44 has 2p*(p? — 1) elements of breadth 1, 7.45 has 2p*(p — 1), 7.46 has
p(3p® —2p — 1), and 7.47 has p(p* — 1).
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5.4.5 case b

We now consider the case when L is an immediate descendant of 6.6. Then L is gen-
erated by a,b,c,d, L? is generated by [b,a] and [c,a] modulo L3, and L3 is generated
by [b,a,al, [b,a,b], [b,a,c], [b,a,d]. The commutators [d,a], [c,b], [d,c] all lie in L3
and [d,b] = [c,a] modulo L3. We show that we may assume that [b,a,a] # 0.

If [b,a,b] # 0 then interchanging @ and b while simultaneously interchanging c
and d we have [b,a,a] = 0. If [b,a,a] = [b,a,b] = 0 but [b,a,c|] # 0, then replacing a
by a+c we have [b,a,a] # 0. Finally, if [b,a,a] = [b, a,b] = [b,a,c] = 0 then replacing
bby b+ d we have [b,a,b] # 0, as before.

So we assume that [b,a,a] # 0, and hence that it spans L3. Replacing bby b+\a for
suitable A, while simultaneously replacing ¢ by ¢— Ad, gives [b,a,b] = 0. If [b,a,c] # 0
then replacing d by d + pc for suitable g while simultaneously replacing a by a — ub
gives [b,a,d] = 0. Replacing ¢ by ¢+ v[b,a] for suitable v, we may suppose that
[c,a] = [d,b]. Similarly, we may suppose that [d,a] = 0. Since [c, a,b] = [b,a,c|] # 0,
replacing ¢ by ¢+ &|c,al for suitable £ we may suppose that [c,b] = 0. Summarizing,
L? is spanned modulo L3 by [b,a] and [c,a|, and L? is spanned by [b,a,a]. We have
[d,a] = [c,b] =0, [¢,a] = [d,b] and [d,c] = a[b,a,a]. We also have

[b,a,b] = [c,a,a] =]c,a,c] =[c,a,d] =0,
[b7 a, C] = [C, a, b] = 5[b7 a, a]:
for some 8 # 0. Scaling ¢ and d we may assume that 3 = 1. Then, if a # 0, replacing

a by aa, ¢ by ac and d by o?d we have o = 1. So we have two algebras [DW.133,
DW .134]

(a,b,c,d||d,a] = [e,b]=][d,c] =0, [c,a] =][d,b], (7.48)
[b,a,b] = [b,a,d] =0, [b,a,c]=[b,a,a], class 3),
(a,b,c,d|[d,a] = [c,b] =0, [c,a] =][d,b], (7.49)
[b,a,b] = [b,a,d] =0,[d,c] = [ba,c|=ba,al, class 3).
Now suppose that [b,a,b] = [b,a,c¢] = 0. We may suppose that [b,a,d] = 0 or
[b,a,a]. As above we may suppose that [c,a] = [d,b], [d,a] = 0. We also have

[c,b] = alb,a,a], [d,c] = B[b,a,a] for some «, . If [b,a,d] = 0 and [d,c| # 0 then
replacing b by b+ <yd for suitable 7 we may suppose that [c,b] = 0. Scaling, we may
suppose that § =1. On the other hand if [b,a,d] = [d,c] = 0 then by scaling we may
suppose that &« =0 or 1. This gives [DW .51, DW .52, DW .53]

(a,b,c,d||d,a] = [e,b] =0, [c,a] =][d,b], [d,c] =[b,a,a], (7.50)
[b,a,b] = [b,a,c]=[ba,dl =0, class 3),
(a,b,c,d|[d,a] = [c,b] =][d,c]=0, [c,a] =[d,D], (7.51)
[b,a,b] = [b,a,c]=1b,a,d] =0, class 3),
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(a,b,c,d||d,a] = [d,c] =0, [c,a] =][d,b], [c,b] = [b,a,a], (7.52)
[b,a,b] = [b,a,c] =[b,a,d] =0, class 3).

Finally, if [b,a,c] =0, [c,a] = [d,b], [d,a] =0, and [b,a,d] = [b, a,a], then setting
a=a,b=a+b—d,d =c—d, d =d we have

[b',a'] = [bal,

[b',a',a'] = [b,a,al,
[b',a', 0] = 0,
[b',d,c] = —I[b,a,a],
[d.d] = 0,
[d,d] = [e,a] =[d,b] =[d,b]
[, b] = [d,c]eL?
[d,c] = [d,c e L’

So we have 7.48 or 7.49.

We need to show that the algebras 7.48 ~ 7.52 are distinct. To show this we
count the elements of breadth 1 in the diccerent algebras. In 7.48 and 7.49 we have
[c,a,al =0, [c,a,b] = [b,a,a]. So in these two algebras everying in L?\L3? has breadth
1. This gives p® — p elements of breadth 1. In 7.49 there are no other elements of
breadth 1, but in 7.48 elements ad+ B|c, a] + v[b, a, a] (with «a # 0) also has breadth
1, so 7.48 has 2p3 —p2 — p elements of breadth 1. In 7.50 ~ 7.52 the centre of L
is spanned by [c, a] and [b, a, a]. So these algebras have p3 —p2 elements of breadth
1 in the derived algebra. Algebra 7.50 has no other elements of breadth 1. In 7.51
elements

ac+ Bd+v[b,a] + 0[c,a] +€[b, a, a

(@#0o0r B#0,v=0if B#0) all have breadth 1, giving 2p* — p® — p? elements of
breadth 1, in all. And in 7.52 there are p4 —p2 elements of breadth 1.

5.4.6 case 6

Now assume that L is an immediate descendant of 6.7. Then L is generated by
a,b,c,d, L? is generated by [b,a] and [c,a] modulo L3, and L3 is generated by [b,a,al,
[b,a,b], [b,a,c|, [b,a,d]. The commutators [d,a], [c,b] lie in L? and [d,b] = [c,d]
modulo L3, [d, ] = w[b, a] modulo L?. We also have

[c,a,a] = —I[b,a,d],
[c,a,b] = [b,a,c],
[c,a,¢] = wlb,a,b,

[c,a,d] = —wlb,a,al.
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We show that we may assume that [b,a,a] # 0. If [b,a,b] # 0, then we take a' = b,
b =a,d =d,d =cand then [I/,d',d'] # 0. If [b,a,a] = [b,a,b] = 0 then at least
one of [b,a,c|, [b,a,d] is non-zero. This means that at least one of [d,c,c]|, [d,c,d]
is non-zero. But then taking o' = d, i = ¢, ¢ = wb, d = wc we have [V',d',d'] or
[0',a',V] non-zero. So we may assume that [b,a,a] # 0, and that [b,a,b|, [b,a,c|,
[b, a,d] are scalar multiples of [b,a,al.

Assume for the moment that

[b,a,b] = [b,a,c] =[b,a,d] = 0.
Then

[c,a,a] = ¢, a,b] =]c,a,c =0,

[c,a,d] = —wlb,a,al.

Replacing b by b+A[b, a], ¢ by c+plb,a] and d by d+v[b, al for suitable A, 1, v we may
suppose that [d,c|] = w[b,a], [d,b] = [c,a], [d,a] = 0. And if [¢,b] is non-zero, then
by scaling we may assume that [c,b] = [b,a,a]. So we obtain two algebras [DW.135,
DW .136]

(a,b,c,d|[d,a] = [c,b] =0, [c,a] =][d,b], [d,c] = wlb,a], (7.53)
[b,a,b] = [b,a,c]=[b,a,d] =0, class 3),

(a,b,c,d|[d,a] = 0, [c,a] =]d,b], [d,c] =wlb,al, [c,b] =[b,a,a], (7.54)
[b,a,b] = [b,a,c]=1b,a,d] =0, class 3).

We show that 7.53 and 7.54 are the only possibilities by showing that we can

always assume that

[b,a,b] = [b,a,c] = [b,a,d] = 0.

Since [b,a,a] # 0 we see that [b,a] is centralized by d 4+ Aa for some \. But

[c,a,d+ Ad]

[c,a,d] + A[c, a, al

—w(b, a,a] — A[b, a, d]
= (A =w)b,a,d,

and so (since w is not a square) [, a] is not centralized by d+ Aa. So the centralizers
in L of [b,a] and [c,a] are distinct, and both have codimension 1. This implies that
the centralizer, C, of L? has codimension 2. We show that [C,C] < L3.

Suppose for the moment that [C,C] ﬁ L?. We show that this implies that we can
gnd new generators a,b, ¢, d for L satisfying [d,a], [c,b] € L? and [d, b] = [c, a] modulo
L3, [d,c] = w[b,a] modulo L3, but with a,c € C. However it is easy to see that if
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a,c € C then L3 = {0}, which gives a contradiction. We pick the new generators
as follows. First we pick a and c linearly independent modulo L? so that a,c € C.
Every element outside the derived algebra of 6.7 has breadth 2, so we can ¢nd b,d
so that a,b,c,d generate L and so that [b,al, [c,a] are linearly independant modulo
L3, and so that [d,a] € L®. Replacing b by b+ Aa and replacing ¢ by ¢+ pa for
suitable ), i we can assume that [c,b] € L3. Note that ¢+ pa € C. Following the
same argument as in the construction of 6.7 we see that without further altering a or
¢ (except by scaling) we can make further substitutions for b and d so that a,b,c,d
satisfy the required conditions. This proves that [C,C] < L3.

Since C' > L? and C has codimension 2 in L, we can pick elements b, € C with
b, c linearly independant modulo L?. Let

C, = {zeL|V, z]elL?,

Cy, = {z€L|[d,2] e’}
Since [C,C] < L3 it follows that C;,Co > C. And since every element of 6.7 outside
the derived algebra has breadth 2, it follows that (] and Cy both have codimension

2 in L. So
Ci=0Cy=0C.

Furthermore if A € Zj, then
{zeL|[V+X,2] € L*}=C.

It follows that if @' is any element of L outside C then [b',d'], [¢,d/] are linearly
independent modulo L3. Using the same arguments as were used in the construction
of 6.7 we see that there are (new) generators a,b,c,d satisfying the relations above,
with b, c linear combinations of o',c. So [d,al, [c,b] € L and [d,b] = [c,a] modulo
L3, [d,c] = w[b,a] modulo L3, and

[b,a,b] = [b,a,c| =|c,a,b] =]c,a,c]=0.

It is clear that d must centralize A[b, a]+ p[c, a] for some A,y which are not both zero.
But it is straightforward to check that algebra 6.7 has an automorphism mapping a
to a, bto Ab+ uc, c to wub+ Ac, d to d. So we may assume that

[b,a,b] = [b,a,c] = [b,a,d] =0,

as claimed above.
Note that 7.53 has p?’(p2 - 1) elements of breadth 2, but that 7.54 has none. So
these two algebras are diceerent.

5.4.7 case 7

Now suppose that L is an immediate descendant of 6.8. Then L is generated by
a,b,c,d, L? is generated by [b,a] modulo L3, and L3 is generated by [b,a,b] modulo
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L* and L* is generated by [b,a,b,b]. The commutators [c,al, [d,a], [b,a,a], [c,b],
[d,b], [d,c] lie in L*. Replacing ¢ by ¢ + Alb,a,b] for suitable A we may suppose
that [c,b] = 0, and we may similarly suppose that [d,b] = 0. We consider the cases
[d,c] =0 and [d, c| # 0 separately.

First consider the case when [d,c] = 0. We can choose d to lie in the centralizer
of a, so that [d, a] =0, leaving [C, a] and [b, a, a] as possibly non-zero. By scaling we
obtain four algebras [DW.8, DW.9, DW .22, DW .23]

(a,b|[b,a,a] =0, class 4) & {(c) & (d), (7.55)
(a,b] b,y a] = [b,a,b,b], class 4) @ (c) & (d), (7.36)
(a,b,c|[b,a,a] =0, [c,a] = [b,a,b,b], [c,b] =0, class 4) & (d), (7.57)

{a,b,c|[b,a,a] = [b,a,b,b], [c,a] = [b,a,b,b], [c,b] =0, class 4) & (d). (7.58)

Now suppose that [d,c] # 0. Scaling ¢ we may suppose that [d,c|] = [b,a,b,b].
Replacing a by a + ac + (b for suitable «, 3 we may suppose that [c,a] = [d,a] = 0.
And by scaling @ and ¢ we may suppose that [b,a,a] = 0 or [b,a,b,b]. This gives
[DW.112, DW.113]

(a,b|[b,a,a] =0, class 4) D(b,a,b,6]=[d,c] (c,d|class 2), (7.59)

(a,b|[b,a,a] = [b,a,b,b], class 4) B,qpb—[d,c] (C:d |class 2). (7.60)
In 7.55, 7.57 and 7.59 the centralizer of the derived algebra has dimension 6, but in
the other three algebras it has dimension 5. In 7.55 and 7.56 the centre has dimension

3, in 7.57 and 7.58 it has dimension 2, and in 7.59 and 7.60 it has dimension 1. So
these 6 algebras are distinct.

5.4.8 case 8

Finally, suppose that L is an immediate descendant of 6.9. Then L is generated by
a,b,c,d, L? is generated by [b,a] modulo L3, and L3 is generated by [b,a,b] modulo
L* and L*is generated by [b,a,b,b. The commutators [d,al], [b,a,a], [c,b], [d, ],
[d,c] lie in L* and [c,a] = —[b,a,b] modulo L*. The subalgebra generated by a,b, cis
an immediate descendant of 5.6, and so is isomorphic to 6.26. So we can assume that
[b,a,a] = [c,b] = 0 and [c,a] = —[b, a,b]. Replacing d by d + A[b,a,b] for suitable A
we may assume that [d,b] = 0. And by scaling a and d we may suppose that [d,al
and [d,c| are (independantly) equal to 0 or to [b,a,b,b]. So we have four algebras
[DW.29, DW.118, DW.119, DW.120]

(a,b,¢|[ba,a] = [e,b] = 0, [e,a] = —[b,a,b], class 4) & (),  (7.61)

(a,b,c[[b,a,a] = [c,b] =0, [c,a] = —[b,a,b], (7.62)
[d,a] = [d,b] =0, [d,c] =1b,a,b,b], class 4),
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(a,b,c|[b,a,a] = Ic,b] =0, [c,a] =—[b,a,b, (7.63)
[d,b] = [d,c] =0, [d,a] =1b,a,b,b], class 4),

(a,b,c|[b,a,a] = [c,b] =0, [c,a] = —I[b,a,b, (7.64)
[d,b] = 0,[d,a] =][d,c] =1b,a,b,b], class 4).
Algebra 7.61 is distinct from the other 3 since it has a centre of dimension 2,
whereas in the other 3 algebras the centre has dimension 1. Algebra 7.62 has (p —

1)p(2p+1) elements of breadth 1, whereas 7.63 and 7.64 have (p2—1)p. So it remains
to show that 7.63 is distinct from 7.64. We note that in both these algebras

C = {(c,d,[b,al,[b,a,b],[b,a,b,b)
is the inverse image in L of the centre of L/L3 and that
D = (d,[b,a,bl,[b,a,b,b])

is the inverse image in L of the centre of L/L* So both these subalgebras are

characteristic. But in 7.63 [C, D] = {0} and in 7.64 [C, D] # {0}.

9.9 3 generators

Let L be a three generator nilpotent Lie algebra of dimension 7. Then L is an
immediate descendent of 5.4, or one of 6.11 ~ 6.16 or 6.20 ~ 6.26. (The algebras
5.5 and 5.6 do not have immediate descendants of dimension 7, and 6.17 ~ 6.19 are

terminal.)

5.5.1 case 1

Let L be an immediate descendant of 5.4. Then L is generated by a, b, ¢, L? is spanned
modulo L3 by [b,a], [c,a], and L3 is spanned by [b,a,al, [b,a,b], [b,a,c] = [c,a,b],
[c,a,al, [c,a,c]. We also have [c, b] € L.

First we consider the case when some non-trivial linear combination of [b, a] and
[c,a] is central. Clearly we may then assume that [c, a] is central, so that L? is spanned
by [b,a,a] and [b,a,b]. Replacing ¢ by ¢+ A[b,a] for suitable A\ we may suppose that
[c,b] = a[b,a,a] for some «. By scaling ¢ we may take & = 0 or 1. So we have two
algebras [DW .41, DW .42]

(a,b,c|lc,b] = [c,a,a] = [c,a,b] = [c,a,c] =0, class 3), (7.65)

(a,b,c|[c,a,a] =[c,a,b] =[c,a,c] =0, [c,b] = [b,a,a], class 3). (7.66)

Next consider the possibility that

[b,a,b] = [b,a,c| =|c,a,b] =]c,a,c]=0.
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Then L3 is spanned by [b,a,a] and [c,a,a]. If [c,b] is non-zero then we may assume
that [c,b] = [b,a,a]. So we have two algebras [DW .85, DW .86]

(a,b,c|[c,b] = [b,a,b] =[b,a,c] =[c,a,b =[c,a,c] =0, class 3), (7.67)

(a,b,cl[c,b] = [b,a,al, [b,a,b] = [b,a,c] =[c,a,b] =[c,a,c] =0, class 3). (7.68)

Now consider the possibility that [b,a,b|, [b, a,c], [c,a, c| span a space of dimension
1. We may assume that [b, a,b] # 0 and that [b,a,c] = 0 and that [c,a,c] = A[b, a, b]
for some .

First consider the case when A = 0. Then we must have [c,a,a] #0. If [¢,a,a] =
ulb, a,b] then by scaling a we may assume that g = 1. In this case [b, a,a] and [b, a, D]
must be linearly independant, so that if [¢,b] = 0 then we have [DW.87]

{(a,b,c|[c,b] =[b,a,c] =[c,a,c] =0, [c,a,a] = [b,a,b], class 3). (7.69)

On the other hand, if [¢,b] # 0, then replacing ¢ by ¢+ u[b, a] for suitable yu we may
suppose that [c,b] = v[b, a,a] for some v. By scaling we can assume that v = 1. This
gives [DW .88]

(a,b,c|lc,b] = [b,a,al, [b,a,c] =]c,a,c] =0, [c,a,a] = [b,a,b], class 3).  (7.70)

If [c,a,a] and [b,a,b] are linearly independant then [b,a,a] = alb,a,b] + B[c, a, a] for
some «, . Repalcing a by @’ = a — ab then we have [b,d'] = [b,a], [¢,d] = [c,d]
modulo L? (with [b,a’,c] = [c,d’,c] = 0). We also have [c,d’,a'] = [c,a,a] and
[b,d',d'] = Blc,d,d']. Replacing b by b — fc we have [b,a',a'] =0. As above, we may
suppose that [C, b] = I/[c, a’,a'] for some v. By scaling we can assume that v = 0 or
1. So we have two algebras [DW.75, DW .78]

(a,b,c|lc,b] =1[b,a,a] =[b,a,c] =[c,a,c] =0, class 3), (7.71)

(a,b,c|[b,a,a] = [bya,c]=]c,a,c]=0,]c,b =][ca,a] class 3). (7.72)

Now let [b,a,c] = 0 and let [c,a,c] = A[b,a,b] for some A # 0. At least one of
[b,a,a] and [c,a,a] must be linearly independant from [b,a,b], and we can assume
that [b,a,a] and [b,a,b| are linearly independant. So [c,a,a| = alb,a,a] + B[b, a, b]
for some «, 3. Replacing a by a — uc for suitable p we may suppose that S =10, and
scaling ¢ we may assume that & = 0 or 1. (Note that the value of A may change here,
but that it is still non-zero.)

If « =0 then we have

[b,a,c] = 0,
[c,a,c] = Alb,a,b] #0,
[c,a,a] = 0,
[c,b] = 7[b,a,a]+ d[b,a,b] for some 7, 0.
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If we let ¢ = c— d[b,a] then [¢/,b] = v[b,a,a], so we can assume that 0 = 0. Scaling
¢ we may take ¥ =0 or 1, and then scaling b we may assume that A\ = 1 or w. This
gives [DW .76, DW .77, DW.79, DW .80]

(a,b,cl|[c,b] =[b,a,c] =[c,a,a] =0, [c,a,c] = [b,a,b], class 3), (7.73)

{(a,b,c|lc,b] =[b,a,c] =c,a,a] =0, [¢,a,c] = w[b,a,b], class 3), (7.74)
(a,b,c|[b,a,c] =]c,a,a] =0, [c,b] = [b,a,al], [c,a,c] =[b,a,b], class 3),  (7.75)
{a,b,c|[b,a,c]=][c,a,a] =0, [c,b] = [b,a,al, [c,a,c] = wb,a,b], class 3). (7.76)

On the other hand, if &« =1 then provided A # —1 we set &' = Xo+c¢, ¢ =b—c
Then [b',d'], [¢,a'] span L? modulo L3, and

[b',a,c] = 0,

[b',a,b'] = A1+ A)[b,a,bl,
[d,a,d] = (1+A)b,a,b],
[ya,a] = 0.

So replacing b,c by b, ¢’ we have

[b7 a, C] = Oa
[c,a,c] = A7'[b,a,b] #0,
[c,a,a] = 0,

and we are back in the case dealt with above.
If «a=1and A= —1 then we have

b,a,c] = 0,
lc,a,c] = —I[b,a,bl,
[c,a,a] = [b,a,a],

[c,b] = ~[b,a,a]+ d[b,a,b

for some 7,d. As above we can take 0 = 0, and scaling a, b, c by the same scale factor,
we may assume that v =0 or 1. this gives [DW .81, DW .84]

{(a,b,c|[c,b] = [b,a,c] =0, [¢,a,a] = [b,a,al], [c,a,c] = —[b,a,b], class 3), (7.77)

{a,b,c|[b,a,c] =0, [c,b] = [c,a,a] = [b,a,al, [c,a,c] = —[b,a,b], class 3). (7.78)

Now assume that that [b,a,b], [b,a,c]|, [¢,a,c] span a space of dimension 2. Note
that this implies that if d is a non-trivial linear combination of b and ¢ then at least
one of [d,a,b], [d,a,c|] is non-zero. We consider two separate cases: the grst when
there is such an element d with [d,a,b|, [d,a,c| linearly dependant, and the second
when [d, a,b] and [d, a, ] are linearly independant for all such d.
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In the grst case we may suppose that d = ¢, so that [c,a,b], [c, a,c| are dependant.
This implies that [c,a,e] = 0 for some non-trivial linear combination e of b and ¢. If e
and c are linearly independant then we can assume that ¢ = b. So we have [C, a, C] =0

or [¢,a,b] =0.
Suppose for the moment that [c,a,b] = 0. Then [b,a,c] =0, and so L3 is spanned
by [b,a,b] and [c,a,c|. Let
[b7 a’ a] = a[b7 a’ b] + ﬁ[c7 a7 C]’
[c,a,a] = b, a,b] +dc,a,c|.

Replacing a by a — ab — dc we have

[b,a,a] = Ple,a,d],
[c,a,a] = ~[b,a,bl.

One possibility is that 8 =y = 0. If one of (3,7 is zero, then (swapping b and c if
necessary) we may suppose that v =0, and scaling b we may suppose that = 1. If
B and 7 are both non-zero, then scaling b we may suppose that = 1. Then setting
a' = Xa, b’ = \71p?b, ¢ = pc we have

V,d,a'] = Mi?b,a,a] = \?[c,a,c] =[c,d, ],

[, d,d] = Nyl a,a] = NXpylb, a,b] = N p>y ¥, o', b].
So if p# 1mod3 then we can scale a,b,c so that v =1, but if p = 1 mod3 then we
can scale a,b,c so that v =1, w or w?. However, v = w gives an isomorphic algebra
to v = w2, for if

[b,a,a] = [c,a,d],

2
[c,a,a] = w?[b,a,b,
then setting b’ = ¢, ¢ = wb we have

', a,a] = [c,a,c],

[d,a,a] = w[V, a,b].

In all these cases we can replace b by b+ ([c,a] and replace ¢ by c+n[b, a] for suitable
¢,m, so that [c,b] = 0. So we obtain the following algebras [DW.70, DW .73, DW .82,
DW .83]

(a,b,c|[c,b] = [b,a,a] =[b,a,c] =[c,a,a] =0, class 3), (7.79)

(a,b,c|[c,b] = [b,a,c] = [c,a,a] =0, [b,a,a] =|c,a,c|, class 3), (7.80)
{(a,b,c|lc,b] =[b,a,c] =0, [b,a,a] =[c,a,c], [c,a,a] = [b,a,b], class 3),  (7.81)

and, in the case when p = 1mod 3,

(a,b,c|[c,b] = [b,a,c] =0, [b,a,a| =|c,a,c], [c,a,a] = w[b,a,b], class 3). (7.82)
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Next suppose that [c,a,c] = 0 so that L? is spanned by by [b,a,b], [b,a,c]. As
above, we may suppose that [c,b] = 0. The commutators [b,a,a], [c,a,a] are linear
combination of [b,a,b] and [b,a,c], and we suppose that

[ba a, CL] = O,’[b, a, b] + ﬁ[b, a, c]a
[c,a,a] = 7[b,a,b]+ d[b,a,c|.
Replacing a by a — 0b — B¢ we have
b,a,a] = (a—9)[b,a,b,
[c,a,a] = ~[b,a,b].
One possibility is that & —d =y = 0. This gives [DW .89]
{a,b,c|[c,b] = [b,a,a] =[c,a,a] = [c,a,c] =0, class 3). (7.83)

If «a—6 =0 but v # 0, then scaling ¢ we may suppose that 7 = 1. Similarly, if
a— 38 # 0 but v =0 we can scale a so that [b,a,a] = [b,a,b|. This gives two more
algebras [DW.93, DW .91]

(a,b,c|[c,b] =[b,a,a] =[c,a,c] =0, [c,a,a] = [b,a,b], class 3), (7.84)

(a,b,c|[c,b] =c,a,a] =[c,a,c] =0, [b,a,a] = [b,a,b], class 3). (7.85)
In the case when o —  and <y are both non-zero, scaling @ and then ¢ we may
suppose that [b,a,a] = [c,a,a] = [b,a,b], giving

{(a,b,c|[c,b] =[c,a,c] =0, [b,a,a] = [b,a,b] =|c,a,a], class 3, p=3). (7.85A)

However, if p # 3 then the following transformation shows that 7.85A is isomor-
phic to 7.84.

a = 9a—6b— 2c,
b = 9b— 3c,
c = 9c
Finally consider the case when [d,a,b| and [d,a,c] are linearly independant for all
non-trivial linear combinations d of b,c. As above, we may suppose that [c,b] = 0.

We have
[c,a,c] = alb,a,b] + B[b,a,c] for some «, 5.

If @« = 0 then setting d = ¢ — b we have [d,a,c] = 0, contradicting out hypothesis.
So a# 0. Let ¢ =c+ Ab. Then

[, a,cd]= (A2 + a)[b,a,b] + (2X + B)[b, a, c].
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So if we replace ¢ by ¢ — gb we have [c,a,c|] = 7[b,a,b] for some 7. Our hypothesis
implies that v # 0, and scaling ¢ we may suppose that v =1 or w. However, if v =1
then [b+c, a,b— c] = 0, contradicting our hypothesis. So we may assume that

[c,a,c] = w[b,a,b].

Replacing a by a + Ab + pc for suitable A, 1 we may suppose that [b,a,a] = 0. We
then have
[c,a,a)l = v[b,a,b] + £[b,a,c] for some v, &.

One possibility is that ¥ =& = 0, giving [DW .90]
(a,b,c|lc,b] = [b,a,a] =[c,a,a] =0, [¢,a,c] = wb,a,b], class 3). (7.86)
If v =0, £ # 0 then scaling @ we may take £ =1, giving [DW .92]
{a,b,c|[c,b] = [b,a,a] =0, [c,a,a] = [b,a,c], [c,a,c] = wb,a,b], class 3). (7.87)

We now consider the general situation when (v,&) # (0,0). We will show that
when p = 1mod3 then we have an algebra isomorphic to 7.87, but that when p =
2mod 3 then we have either 7.87 or one other algebra which we degne below. We
use the fact that if p = 1 mod 3 then there is a solution to the equation a? = —3 in
Z,, but if p = 2mod3 then there is no solution to this equation. (This is because
a’ = —=3if and only if b*+b+1 =0, where b = (a —1)/2.) First note that by scaling
a, we can change (1,&) to (Av, A§) for any non-zero A. So the isomorphism type of
the algebra depends only on the ratio l//f If we let

d = a+—p(\ —wp’) O = wp)b 4+ p(\* = wp’) T (pr — A)e,
bV = X+ puc,
d = Z(wpb+ Xe),

then
V,a 0] = (A +wp?)b,a,b] + 2Aulb,a,c,
[d,d,d] = wi,d, V],
V,d,c] = £(2wAulb, a,b] + (A + wp?)[b, a, ],
[0, a,d] 0,
[d,d,d] = £((\v—wpf)lb,a,b] — (v — AE)[b, a,c])

|
H

(N — wp®) 2 (WA 4 3wp®) — wp€ (3N + wp?)) [V, d', ']
— (N = wp?)7? (o (BN + wp®) — AN + 3wp®)) [V, d, ]

So we have another presentation of our algebra L in which the ratio Z//§ is changed
to

Av(A? + 3wp?) — wpé (3N + wy?)
pv(3X% + wp?) — AE(N? + 3wp?)
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Replacing p by —p this is

M (A? + 3wp®) + wpg (3N + wp?)
pv (32 + wp?) + AE(A2 + Bwp?)

If p=3and we let (1,§) = (1,0) then the ratio ¥/ becomes

Mo

—3 — :':
wi H
which takes on all possible values. So we only get one group when p = 3.
Next we consider the case when p = 1mod3. If we let (1,£) = (1,0) then the
ratio /& becomes
AN + Bwp?)
pBA? +wp?)
We show that when p = 1mod 3 this ratio takes all possible values in Z,U{oco}. First
note that the ration takes value 0 when A =0 and it takes value 0o when p = 0. So

we consider the case when A,y are both non-zero, and we let @ = \/pu, so that we
can write

+

AN +3wp?)  afa® + 3w)

(32 + wp?) 302+ w
Note that since —3 is a square, this ratio is never 0 or 0c0. We show that it takes on
all possible values in Zp\{(]} by showing that

a(e® +3w)  B(B*+ 3w)
32+w 302 +w

((**))

only if & = 3. So suppose that equation (**) holds. Then
0 = ale®+3w)(38%+w) — B(B* + 3w)(3a® + w)
= (o= B)((a—B)"w+3(aB — w)?).
Now (a— 3)’w +3(af —w)? #0if a# [ since —3 is a square. So the ratio

a(a? + 3w)
302 +w
takes on all values in Zj, as & ranges over Z,. This implies that if (v,£) # (0,0) then
L is isomorphic to 7.87.
Now we consider the case when p = 2mod 3. First we show that the ratio
AN + Bwp?)
1(3A? + wp?)
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takes on (p+ 1)/3 values (including 00). In the geld of order p?, rv/w + s is a cube
if there are A, € Z, such that

rvw+s = A+ pv/w)? = X + 3\ uvw + 3dwp® + pPuyvw.
So

3N+ pPw = 1,
N3 wp? = s,

and

s AN+ 3wp?)

r u(3\2 +wp?)’
Since p =2mod 3, r is a cube in the geld of p elements, so that ry/w + s is a cube if
and only if \/w + §/r is a cube. So the values of

AN + Bwp?)
1(3A? + wp?)

are those k € Z, (together with 00) such that /w + k is a cube in the geld of p?

elements. There are ZEL of these values (including 00). We consider the matrix

3
AZ +3wp?) wp(32? + wp?)
p(32% + wp?) AN + 3wp?)

as an element of the group PGL(Q,p) acting on the ratios V/f Note that this matrix
has determinant ()\2 — w,uZ)?’, which is non-zero provided A, are not both zero. It
is straightforward to show set of these matrices forms a subgroup G of PGL(2,p).
Furthermore the ecect of the matrix above on the ratio l//f depends on the value of

AN + Bwp?)
1322 + wp?)
(with the identity transformation corresponding to the value 00). It is also easy to

see that if ¢ € G and g # 1, then g is gxed point free. So G has three orbits of size
(p+1)/3 0on Z,U{cc}. Let 2 be the orbit of co. Then €2 contains all ratios

A(A? + 3wp?)

1(322 4+ wp?)’
and so 2 = —(). We show that if ®, U are the other two orbits then ® = —W¥ so that
equation (*) above implies that all the ratios in ® U W degne isomorphic groups. To

see this we need to show that if ¥/£ is in the same orbit as —v/£ then v/€ € ). So
suppose that

AN + 3wp?) +wpf (3N +wp?) v
v (302 + wp?) + A2 + 3wp?) &’
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where v/€ # 0,00. If we let
AN + Bwp?)

RTEICERETO
and let § =v/€ then a € Q\{oc} and § # 0,00, and we have

af +w

B+a =P
So B2 +2aB+w=0, and
522-200 = —a €.
This implies that ,
+w
Vw + 525

is a cube in the geld of p2 elements, so that

2BV + B +w=(Vw+B)’ =7

for some 7 in the geld of p? elements. But then

ar=(£22)

so that [ € () as claimed.

This shows that if p = 2mod3 then we have (at most) two isomorphism classes
of algebras corresponding to values of (v,&) other than (0,0) ~ one with v/§ € ()
(giving 7.87), and one with v/ ¢ 0. If we let k be any element of Z, which is not a
value of

A(A2 + Bwp?)
1(322 4+ wp?)’
then the other algebra is isomorphic to [DW .94]

{a,b,c|[c,b] = [b,a,a] =0, [c,a,a] = [b,a,b]*[b,a,c, [c,a,c] =wba,b], class 3).
(7.88)

It remains to show that the algebras 7.65 ~ 7.88 are all distinct. In most of these
algebras we have [c, b] = 0, and so <b, C) is a two dimensional abelian subalgebra
with trivial intersection with L?. There is no such two dimensional subalgebra in the
remaining cases: 7.66, 7.68, 7.70, 7.72, 7.75, 7.76, 7.78. So these algebras are distinct
from the others. The algebras 7.65 and 7.66 have centres of dimension 3, but all the
other algebras have centres of dimension 2. So 7.65 and 7.66 are distinct from the
other algebras. They are also distinct from each other since [¢,b] = 0 in 7.65, but not
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in 7.66. The dimension of the centralizer of L? in L in 7.67 ° 7.88 is given by the
following table:

dim Cr(L?) | algebras ‘
4 7.73 7 7.78, 7.80 7 7.82, 7.84, 7.85, 7.85A, 7.87, 7.88 ‘
5 7.69 ° 7.72, 7.79, 7.83, 7.86 |
6 7.67, 7.68 |

Note that this table, together with the criterion of whether [c,b] = 0 or not, dis-
tinguishes 7.67 and 7.68 from all other algebras (as well as from each other). The
following table gives the number of elements of breadth 1 in the algebras 7.69 ~ 7.86.

number of elements of breadth 1 |algebras ‘

0 7.81, 7.82, 7.84, T.85A, 7.86 * 7.88 |
(p —1)p? 7.70, 7.73 © 7.78, 7.80, 7.83, 7.85 |
2(p — 1)p? 7.72, 7.79

(p* — 1)p? 7.69

(p* +p—2)p? 7.71

The criteria so far distinguish 7.65 ~ 7.72 and 7.79 from each other, and from the
other algebras. The subalgebra C = (b,c) + L? is a characteristic subalgebra, and
[LQ,C] has dimension 1 in 7.69 ~ 7.78 and dimension 2 in 7.79 ~ 7.88. Also there
exists an element d € C such that [d,a,C] has dimension 1 in 7.79  7.85A, but no
such element in 7.86 ~ 7.88. All the above criteria taken together distinguish 7.83
and 7.86 from all the other algebras, as well as from each other, and separate the
remaining algebras which have not already been distinguished from the others into
the following classes:

{7.73,7.74,7.77}, {7.75,7.76,7.78}, {7.80,7.85}, {7.81,7.82,7.84, 7.85A}, {7.87,7.88}.

Next note that the algebras 7.73 ~ 7.76 have elements b, ¢ which span C' modulo
L? and an element a ¢ C such that [b,a,c] = [¢,a,a] = 0, whereas 7.77 and 7.78
have no such elements. This distinguishes 7.77 and 7.78. In 7.73 - 7.76 we let a' be
any element of breadth 3 outside C' (such as a), and quotient out the one dimensional
central subalgebra [LQ,a']. The quotient algebra is 6.18 for 7.73 and 7.75, and 6.19
for 7.74 and 7.76. So the algebras 7.73 ~ 7.78 are all distinct from each other.

Next, note that [b,a,c] = 0 in 7.80  7.82 whereas in 7.84, 7.85, 7.85A and 7.86
it is impossible to gnd elements b, ¢ which span C modulo L? and an element a ¢ C
such that [b, a, C] = 0. This distinguishes each of the algebras 7.80 and 7.85 from all
other algebras. But we still need to distinguish 7.84 from 7.85A.

We distinguisih between 7.81 and 7.82 when p = 1mod 3 by noting that we have
in eceect completely analysed all possible sets of generators a,b, ¢ satsifying relations
of the form

[c,b] = [b,a,c] =0, [b,a,a] =[c,a,d], [ca,a] =7[b,a,b
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with 7 # 0. (In addition to the arguments given above in this analysis you need to
note that if o', ¢’ span C modulo L?, and if [b',a’,c] = 0 for some a’ ¢ C then up to
scale factors we either have b’ = b and ¢ = c modulo L?, or we have ' =cand ¢ =b
modulo L2

And gnally, we note that if p = 2 mod 3 then 7.87 and 7.88 are distinct, since we
have analysed all possible generating sets a, b, ¢ satisfying relations of the form

[c,b] = [b,a,a] =0, [c,a,a] = [b,a,blv[b,a,c|E, [c,a,c] =wlb,a,b.

5.5.2 case 2

Next, let L be an immediate descendant of 6.11. Then L is generated by a,b,c, L? is
spanned modulo L?® by [b,al, [c,a], and [c,b], and L3 has dimension 1.

The centre of L can have dimension 1, 2 or 3. First we consider the case when
the centre of L has dimension 3. We may suppose that [c,a] and [c,b] are central, so
that L3 is spanned by [b,a,a] and [b,a,b]. Clearly we may assume that L3 is spanned
by [b,a,al, and that [b,a,b] = 0. This gives [DW .40]

(a,b,c|[b,a,b] =lc,a,a] =[c,a,b] =[c,a,c] =[c,b,a] = [c,b,b] = [c,b,¢] =0, class 3).
(7.89)
Next, suppose that the centre of L has dimension 2. Then we may suppose that
[c,b] is central, so that L3 is spanned by [b,a,al, [b,a,b], [b,a,c] = [c,a,b], [c,a,al,
[c,a,c]. Note that we cannot have

[b,a,b] = [b,a,c] =c,a,c] =0

as this would imply that [Ab+ uc,a] was central for some A, i not both zero, so that
the centre of L would have dimension 3. We show that in fact we can assume that
one of [b,a,b] and [c,a,c] is non-zero. For suppose that [b,a,b] = [¢,a,¢] = 0 and
[b,a,c] = [c,a,b] # 0. Then setting b’ = b+ ¢, ¢ = b — ¢ we have [/, V] central, and
[0',a,c] = 0, so that at least one of [b',a,b'] and [¢/,a,(] is non-zero. So suppose
that [b,a,b] # 0, so that [b,a,b] spans L3. Replacing ¢ by ¢+ Ab for suitable \, we
may suppose that [b,a,c] = 0. If [c,a,c¢] # 0 then scaling ¢ we may suppose that
[c,a,c] = [b,a,b] or that [c,a,c| = w[b,a,b]. Replacing a by a + b+ vc for suitable
i,V we may suppose that [b,a,a] =[c,a,a] =0. This gives [DW.71, DW.72]

(a,b,c|[b,a,a] = |[c,a,a] =[b,a,c]=]c,a,b =]c,b,b =]c,bc]=0, (7.90)
[c,a,¢] = [b,a,b], class 3),

(a,b,c|[b,a,a] = |[c,a,a] =[b,a,c]=]c,a,b =]c,b,bl =]c,b,c|]=0, (7.91)
[c,a,c] = wlb,a,b], class 3).
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On the other hand, if [c,a,c¢] = 0 then we must have [c,a,a] # 0, and by scaling ¢
we may suppose that [c,a,a] = [b, a,b]. Replacing a by a + pub for suitable y we may
suppose that [b,a,a] = 0. So we have [DW.74]

(a,b,c|[b,a,a] = [e,a,c]=[b,a,c]=][c,a,b] =]c,b,b] =]c,b,c] =0, (7.92)
[c,a,a] = [b,a,b], class 3).

To show that these three algebras are distinct we note that if L is 7.90 or 7.91 or 7.92
and d € ((L)\L? then L/(d) is a 6 dimensional algebra isomorphic to 6.18 or 6.19 or
6.17 respectively.

Finally suppose that the centre of L has dimension 1, so that ((L) = L3. 1If
p = 3 we have the possibility that L is the free 2-Engel Lie algebra of rank 3, with

presentation

(a,b,c|[b,a,a] = [ba,b] =]|c,a,a]=]|c,a,c]=]cb,bl =]cb,c]=0,(7.92A)
[a,b,c] = [b,c,a] =]c,a,b], class 3, p=3).

If p# 3, we may assume that [b, a, a] # 0, and since L? has dimension 1 we may
suppose that [b,a,b] = [b,a,c|] = 0. Suppose for the moment that [c,a,b] # 0. If
[c,a,a] = 0 we replace ¢ by b+ ¢ so that we now have [b,a,b] = [b,a,c] = 0, with
[c,a,b] and [c,a,a] both non-zero. Now replace b by b+ Aa for suitable A and we have
[c,a,b] =0, though we now have [b,a,b] # 0. So in every case we may assume that
[b,a,c] = [¢,a,b] = 0 and that [b,a,a] spans L?. The commutators [b,a,b], [c,a,al,
[c,a,c], [¢,b,b], [c,b,c] are all linear multiples of [b,a,al.

Suppose for the moment that [b,a,b] = 0. Then replacing ¢ by ¢+ ub for suitable p
we may suppose that [c,a,a] = 0. Since [c,a] is not central we must have [c,a,c| # 0,
and scaling b we may suppose that [c,a,c] = [b,a,a]. Since [c,b] is not central, at
least one of [c,b,b], [c,b,c| is non-zero. But if [¢c,b,0] = 0 and [¢,b, c| = v[b, a, a] then
[c,b] — V[c,a] is central. So we may assume that [c,b,b] = v[b,a,a] for some v # 0.
Taking a' = a, b’ = a?b, ¢ = ac then we have

b',ad, 0] = [V,d,d]=[d,d,d]=][c,d,b] =0,
[d,d',c] = o®[c,a,c]=a?b,a,al =V, d,d]l,
[, b, 0] = o°[c,b,b] = ’v[b,a,a] = V[V, d,d].

So if p # 1 mod 3 then we can choose « so that [¢/,0/,b] = [V/,d',d'] and if p = 1 mod 3
then we can choose a so that [¢/,b, 0] =&[V,d',d] with € =1, w or w2
If p# 1mod3. Then we have [DW.126]

{(a,b,c|[b,a,b] = [ba,c]=]ca,a =][ca,b=0,]ca,c]=]Iba,a], (7.93)
[c,b,b] = [b,a,al, [c,b,c] =n[b,a,al], class 3),
(with n € Zp). And if p = 1mod3 then we have [DW.127, DW.128, DW .129]
(a,b,c|[b,a,b] = [bya,c]=]c,a,a]=][c,a,b =0, [c,a,c]=1[b,a,a], (7.94)
[c,b,0] = [b,a,al, [c,b,c] =nlb,a,al], class 3),
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(a,b,c|[b,a,b] = [bya,c]=]eca,a=][cab =0,]ca,c|=]Iba,a], (7.95)

[c,b,0] = w[b,a,al, [c,b,c] =nlb,a,al, class 3),
(a,b,c|[b,a,b] = [ba,c]=]ca,a =]ca b =0,]ca,c|=]Iba,a], (7.96)
[c,b,b] = w?[b,a,al, [c,b,c] =n[b,a,a], class 3),

(with m € Zp). In the case when p = 1mod3 then we can restrict the values of n as
follows. If we pick a € Z, with a® =1, and if we replace a,b,c by a,a®b,ac in any of
7.94 7 7.96, then all the relations except for the relation [c, b, c] = n[b, a, a] stay the
same, whereas this last relation becomes [C, b, C] = noz_l[b, a, a]. So we can restrict
the non-zero values of n to (p — 1)/3 values no two of which have the same cube.
Now suppose that [b,a,c| = [c,a,b] = 0. If any of the commutators [b, a, al, [b, a, b],
[c,a,a], [c,a,c], [c,b,b], [c,b,c] are zero, then there is some permutation a',b', ¢ of the

generators a,b,c such that [b',a/,0'] = 0. Since [b,a] is not central, this implies
that [b/,a’,a'] # 0, and we are back in the case above. So we assume that all these
commutators are non-zero. Scaling @ we may suppose that [b,a,a] = [b,a,b|, and

scaling ¢ we have [c,a,a] = [b,a,a]. So

b,a,c] = lc,a,b] =0,
[b,a,a] = [b,a,b] =]ca,aq],

[c,a,c] = Alb,a,al,
[e,b,0] = plb,a,a,
[e,b,c] = v[b,a,a]
for some non-zero A, i, V. We show that we may assume that A =p=—1, v = 1.

First we let @' =a, b' = b+ ac, ¢ = b+ fc for some o, € Zy with a # 3. Then

b,d,c] = [d,d,b'] =1+ aBN)b,a,ad],
[b,d,d] = (1+ a)b,a,ad.

If we choose oo = —1, then provided A # —1 we can take 8 = A"!, and then
b,d,cd]=1[d,d,V]=[V,d,d] =0,

and we are back in the case above. So we assume that A = —1. Similarly, we let
a =a+ac, b =b, d =a+ B¢, and then

[, d,d]=[c,d, V] =[d,d,d] =0

provided 1 — afv =1+ aX = 0. Now we have already shown that A = —1, and so
provided v # 1 we can take « = 1, 3 = v ! and we are back in the case above. So
we can assume that v = 1. Finally, we let ' = a+ ab, b =a+ Bb, ¢ = c. Then

[b,d,d]=[c,d, V] =[t,d,d]=0
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provided 1+ afBu =1+ a =0. Provided p # —1 we can take o = —1, § = ! and
we are back in the case above. So, as claimed above, we can assume that A = = —1,
v =1, and we have [DW.130]

(a,b,c|[b,a,c] = [c,a,b] =0, [b,a,a] =1b,a,b] =]c,a,a] =]c,b,c], (7.97)
[c,a,c] = ¢, b,b] = —[b,a,al], class 3).

It is clear that 7.97 is distinct from any of 7.93 ~ 7.96, since 7.97 has p + 2
two dimensional subspaces of Sp(a, b, C) which generate a subalgebra of class 2 (and
dimension 3), whereas 7.93 ~ 7.96 have at most 3 such subspaces (the exact number
depending on the value of n).

To show that there are no redundancies among the algebras 7.93 ~ 7.96 we let L
be a seven dimensional algebra of class 3, with generators a,b, ¢ satisfying

[b,a,b] = [b,a,c] =]c,a,a] =][c,a,b] =0,
[c,a,¢] = [b,a,a],

[c,b,0] = mlb,a,al,

[c,b,c] = nlb,a,al,

for some m,n with m # 0, and we consider all possible generating sets a', 0, c for L
satisfying the relations

e ] =1[V,d,]=[c,d,a]=[d,d,b]=0. ((*))
We write
ad = aa+ b+ yc+u,
b = ea+Cb+ne+v,
d = da+pb+ve+w,

with u,v,w € L?. We note that the values of u,V,w make no diceerence to the
relations satisged by a',b',c, and so from now on we will take u = v = w = 0 for
simplicity.
First we consider the situation when a’,b’, ¢ are scalar multiples of a,b, ¢ (respec-
tively). So
a =aa, b = (b, d =ve.

Certainly the relations (*) are satisged. To ensure that [¢,d/, ] = [V, d, d'] we require
av? = a?(, so that ( = o 2. Thus

[, 0,0 = Cvle,b b =Cvmlb,a,a] = *V*mb,d,d],

[d,b,c] = (VPe,b,c] =(vPnb,a,a] = a 2*nb, a, a).
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So scaling only enables us to alter the value of m by a cubic factor, and once the
value of m is gxed it only enables us to alter the value of n by a factor which is a
cube root of 1. So scaling does not lead to redundancies in 7.93 ~ 7.96.

Next, we show that if a’,b’, ¢’ generate L and satisfy (*), then (up to scalar multi-
ples) V', ¢ are uniquely determined by a'. First note that since [V/,d,0] = [0, d, ] =
0, [t/,a',a'] #0, since otherwise [b',a'] would be central. (We are using the fact that
the centre of Lis L3.) Similarly [c/,a’,c] # 0. Now suppose that a',b”, " generate L
and satisfy

[b",a', b"] _ [b",a',c"] _ [c",a',a’] _ [c”,a',b"] = 0.

We want to show that b”,¢” are scalar multiples of b',¢. Let

b = ed + ¢V +nd,

d" = Xd +ub + vl

Since [¢",a’,a'] = 0 we must have g = 0, and since ¢” and @' must be linearly
independant we must have v # (. Then

0=[",d,b]=nv[d,d, ],

and so 7 = 0. Since a' and b" are linearly independant this implies that ( # 0. Then
the fact that [b”,a’,b"] = 0 implies that € = 0, and the fact that [0”,a’,c"] = 0 implies
that A =0. So b”,c" are scalar multiples of I, c, as claimed.

Finally note that if a, ', generate L and satisfy (*), then [L,d’,a'] # {0}, since
(as we showed above) [V, d’,a’] # 0.

Now consider the general case when

a = aa+ Bb+ .
We let

¥ = mya + (a-{—nﬁ)b—mﬁc, ((**))

d = (mB+ny)a—vb+ ac.

Then it is straightforward to check that a',b,c satisfy exactly the same relations
as a,b,c. However for certain values of ' it can happen that [b’,a',a'] = 0, so that
a', b, do not generate L. We show that if a’,b’ are as above, and if [b',a/,a'] =0
then it impossible to gnd b”, " such that a’,b”, " generate L, and such that

I:bll, a’, bll] — [bll’ a/l, C”] — [CII’ a/l’ al] — I:cll’ a/l’ bl/] — 0
So if a' is part of a generating set a',V',c satisfying (*), then (up to scaling) 0, ¢

must satisfy (**), and so the presentation for L in terms of a’,0',c is the same as
the presentation for L in terms of a,b,c. (We are using the fact proved above that if
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a',b,c generate L and satisfy (*), then up to scaling ', are uniquely determined
by a'.)

So suppose that a' = aa+Bb+yc, that b, ¢ are given by (**), and that [b',d,d'] =
0. Note that, since a',', ¢ satisfy the same relations as a,b, ¢, we also have [0, d’, V'] =
0. Recall that if o is part of a generating set for L satisfying (*) then there is
no element d € Sp(a,b,c) such that a,d are linearly independant and such that
[d,a,a] = [d,a,d] = 0. So either @' is not part of a generating set for L satisfying
(*) (which is what we want to prove), or a' and b are linearly dependant. So assume
that @’ and b are linearly dependant. Then

ol +nafB = mpy,
my?,

-mfB* = ay+npBy.

[
3
Q

S

Il

Using the fact that m # 0, it is easy to see that these equations imply that
! ! ! ! ! !
[a,a',a'] =[b,a',d'] = [c,d',a'] = 0,

and, as we showed above, this implies that a’ is not part of a generating set for L
satisfying (*).
So there is no redundancy among the algebras 7.93 ~ 7.96.

5.5.3 case 3

Now, let L be an immediate descendant of 6.12. Then L is generated by a,b,c, and
the subalgebra generated by a,b has dimension 6, and is an immediate descendant
of 5.7. So the subalgebra A generated by a,bis 6.27, 6.28 or 6.29. If Ais 6.27 then
[b,a,a,a] = [b,a,a,b] =0, and L* is spanned by [b,a,b,b. The commutators [c,a],
[c,b] are linear multiples of [b,a,b,b], and replacing ¢ by ¢+ A[b, a, b] for suitable \ we
may suppose that [c,b] = 0. By scaling ¢ we may suppose that [c,a] = 0 or [b,a,b,D].
So we have two algebras [DW .20, DW .59]

(a,b|[b,a,a,a] = [b,a,a,b] =0, class 4) & (c), (7.98)

(a,b,c|[b,a,a,a] = [b,a,a,b] =0, [c,a] = [b,a,b,b], [c,b] =0, class 4). (7.99)

If Ais 6.28 or 6.29 then L? has dimension 1 and is spanned by either of [b,a,a,al,
[b,a,b,b], with [b,a,a,b] =0. So we may suppose that [c,a] = [c,b] =0 and we have
[DW .27, DW .28]

(a,b|[b,a,a,b] =0, [b,a,b, bl =Ib,a,a,al], class 4)® (c), (7.100)

{(a,b|[b,a,a,b] =0, [b,a,b,b] = wb,a,a,a], class 4) & (c). (7.101)

These four algebras are clearly distinct, since in three of them cis central, and in
these three cases factoring out (C) gives diceerent algebras.

55



5.5.4 case 4

Next, let L be an immediate descendant of 6.13. Then L is generated by a,b, ¢, and
(as in the case above) the subalgebra A generated by a,b has dimension 6, and is
an immediate descendant of 5.7. So A is isomorphic to 6.27, 6.28 or 6.29. We have
[c,a] = —[b,a,b] modulo L* and [c,b] € L*.

First suppose that A is isomorphic to 6.27. Then there is some non-trivial linear
combination of [b,a,a] and [b,a,b] which is central in A. We may suppose that this
central element is [b, a,a] or [b,a,b]. If [b, a, a] is central then L*is spanned by [b,a, b, b]
and we have

[c,a] = —[b,a,b] + Alb,a,b,0],
[c,b] = ulb,a,b,b]
for some A, j.

Replacing ¢ by ¢ — u[b,a,b] we may suppose that [¢,b] = 0. Then, if we let
b = b+ ve, we have

b',a] = [b,a] —v[b,a,b] + Av[b,a,b,b],
[b',a,a] = [b,a,a],
', a,b'] = [b,a,b] —2vb,a,b,b],
W, a,t',0] = [ba,b,b],
[c, V'] = 0.

So if we replace b by b— (A/2)c then [c,a] = —[b,a,b]. So we have [DW .99]
(a,b,c|b,a,a,a] = [b,a,a,b] =0, [c,a] = —[b,a,b], [c,b] =0, class 4).  (7.102)
On the other hand, if [b,a,b] is central then L? is spanned by [b,a,a,a] and we have

[c,a] = —[b,a,b]+ Ab,a,a,al,
[c,b] = ulb,a,aqa,aq]

for some A, p. Replacing ¢ by ¢ — A[b,a,a] we have [c,a] = —[b, a,b], and by scaling
we can take =0 or 1. So we have -DW .66, DW .69]

{(a,b,c|[b,a,a,b] = [b,a,b,b] =0, [c,a] = —[b,a,b], [c,b] =0, class 4), (7.103)

{(a,b,c|[b,a,a,b] = [b,a,b,b] =0, [c,a] = —[b,a,b], [c,b] = [b,a,a,al], class 4).
(7.104)
Next, suppose that A is isomorphic to 6.28 or 6.29 so that no non-trivial linear
combination of [b,a,a] and [b,a,b| is central. If [b,a,b,b] # 0 then we can choose a so
that [b,a,b,a] = [b,a,a,b] = 0. Then by scaling we have

[b,a,b,b] = alb,a,a,a] with a =1 or w.
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Replacing ¢ by ¢+ A[b, a,a] + p[b, a,b] for suitable A\, we can assume that [c,a] =
—[b,a,b], [c,b] = 0. This gives [DW.137, DW.138]

(a,b,c|[b,a,a,b] =0, [c,a] = —[b,a,b], [c,b] =0, [b,a,b,b] = [b,a,a,a], class 4),
(7.105)
{(a,b,c|[b,a,a,b] =0, [c,a] = —[b,a,b], [c,b] =0, [b,a,b,b] =wlb,a,a,al, class 4).
(7.106)
But if [b,a,b,b] =0 then [b,a,a,b] = [b,a,b, a] must be non-zero. Letting a' = a+ b
we have

[c,d'] = —[b,d’,b] modulo L*
[b,d',d',d'] = [b,a,a,a]+28[b,a,a,b|.

We can choose [3so that [b,a’,a’,a’| =0, and then replacing ¢ by c+A[b, a, a]+ulb, a, b]
for suitable A, 4 we can assume that [c,a’| = —[b,d’,b], [c,b] = 0. This gives [DW.139]

(a,b,c|[b,a,a,a] =1[b,a,b,b] =0, [c,a] = —[b,a,b], [c,b] =0, class 4). (7.107)

We need to show that the algebras 7.102 ~ 7.107 are distinct. grst note that in
7.102 © 7.104 the centre has dimension 2, whereas it has dimension 1 in 7.105 ~ 7.107.
Next note that C' = (c¢) + L? is a characteristic subalgebra, and that [C, L% has
dimension 0 in 7.103, 7.104 and 7.107, but dimension 1 in the other three algebras.
So it only remains to show that 7.103 is not isomorphic to 7.104, and that 7.105 is
not isomorphic to 7.106. To see that 7.103 is not isomorphic to 7.104 note that ¢ has
breadth 1 in 7.103, but that no element of C\L2 has breadth 1 in 7.104. And to see
that 7.105 is distinct from 7.106 note that it is possible to gnd elements a’, b such
that

[b',d',d',a'] = [V,d,b,b']=0,
.d,d K] # 0

in one of the two algebras, but not in the other. (Which algebra has such elements
depends on the value of pmod4.)

5.5.5 case

Now let L be an immediate descendant of 6.14. Then L is generated by a,b,c,
and (just as in the case the last two cases) the subalgebra A generated by a,b has
dimension 6, and is an immediate descendant of 5.7. So A is isomorphic to 6.27, 6.28
or 6.29. We have [c,a] = —[b,a,a] modulo L* and [c,b] € L*.

First suppose that A is isomorphic to 6.27. Then there is some non-trivial linear
combination of [b,a,a] and [b,a,b] which is central in A. We may suppose that this
central element is [b,a,al, [b,a,b] or [b,a,a] — [b,a,b].
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It [b,a,a] is central in A then L*is spanned by [b,a,b,b] and we have
[c,a] = —[b,a,a] + A]b,a,b,b],
[e,b] = plb,a,b,b]

for some A, pu. Replacing ¢ by ¢ — pulb, a,b] we can assume that [c,b] = 0. And scaling
a and ¢ we can suppose that A =0 or 1. This gives [DW .62, DW .63]

(a,b,c|[b,a,a,a] = [b,a,a,b] =0, [c,a] = —[b,a,a], [c,b] =0, class 4),  (7.108)
{(a,b,c|[b,a,a,a] = [b,a,a,b] =0, [c,a] = —[b,a,a] + [b,a,b,b], [c,b] =0, class 4).
(7.109)

On the other hand, if [b,a,b] is central in A then L* is spanned by [b,a,a,a] and
we have

[c,a] = —[b,a,a] + Ab,a,a,a],
[e,b] = plb,a,a,al.
We let @' =b, b = —a, ¢ = —c — [b,a]. Then

b,a'] = [ba],

[b',d',d'] = [b,a,b],

[b',d', V] = —[b,a,d],
[c,d] = —[V,d,d] modulo L*
[, ¥] € LY,

and [V/,a’,a] is central, so that we are back in the case dealt with above.
And if [b,a,a] — [b,a,b] is central in A then

[b,a,a,a] = [b,a,a,b] = [b,a,b,b],
and
[c,al = —[b,a,a]+ Ab,a,a,al,
[ce,b] = plb,a,a,al
for some A, i Replacing b by b — Ab, a] we may suppose that
[c,al] = —[b,a,ad],
[c,b] = vb,a,a,al
for some v. Now let @' =a, b =b—vc, ¢ =c—v[b,a,b. Then
Vv,d'] = [ba]+v[ba,ad,
[b',d',a'] = [b,a,a]+v[b,a,a,d,
[b',a ] = [ba,b]+2v[ba,a,a,
[0',d,d',d'] = [V,d,d,b]=[,d, b, 0] =1b,a,a,d,
[d,d] = —[ba,a] —v[ba,a,a =—[V,d,d],

[, ] = 0.
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So replacing a,b,c by a',b,c we have [DW.100]

{(a,b,c|[b,a,a,a]l =1[b,a,a,bl = [b,a,b,b|, [c,a] = —[b,a,al, [c,b] =0, class 4).
(7.110)
Next, suppose that A is isomorphic to 6.28 or 6.29 so that no non-trivial lin-
ear combination of [b,a,a] and [b,a,b] is central. If [b,a,a,a] # 0 and [b,a,a,b] =
[b,a,b,a] =0, then by scaling we have

[b,a,b,b] = alb, a,a,a] with « =1 or w.

Replacing ¢ by ¢+ A[b, a,a] + p[b, a,b] for suitable A\, we can assume that [c,a] =
—[b,a,al, [c,b] = 0. This gives [DW.144, DW .145]
{(a,b,c|[b,a,a,b] =0, [c,a] = —[b,a,da], [c,b] =0, [b,a,b,b] = [b,a,a,a], class 4),
(7.111)
(a,b,c|[b,a,a,b] =0, [c,a] = —[b,a,a], [c,b] =0, [b,a,b,b] = w[b,a,a,dqa], class 4).
(7.112)
But if [b, a,a,a] = 0and [b,a,a,b] = [b,a,b,a] are non-zero, then [b, a, b, b] = v[b, a, a, b]
where by scaling we may suppose that ¥ = 0 or 1. Replacing ¢ by c+A[b, a, al+pu[b, a, b]
for suitable A, 4 we can assume that [c,a] = —[b, a,al, [c,b] = 0. This gives [DW .146,
DW .147]

{(a,b,c|[b,a,a,a] = [b,a,b,b] =0, [c,a] = —[b,a,a], [c,b] =0, class 4),  (7.113)
(a,b,c|[b,a,a,a] =0, [c,a] = =[b,a,a], [c,b] =0, [b,a,b,b] = [b,a,a,b], class 4).
(7.114)
Finally, if [b, a,a, a] and [b, a, a, b] are both non-zero, then by scaling we may suppose
that [b,a,a,a] = [b,a,a,b], and that [b,a,b,b] = a[b,a,a,a] for some . We also have
[C’ a] = _[b) a, a] + /\[ba a, a, G,],
[ce,b] = plb,a,a,al
for some A, i. Replacing b by b — Ab, a] we may suppose that
[C, a] = _[ba a, a],
[c,b] = v[b,a,a,al
for some v. Now let @' =a, b' =b—vc, ¢ =c¢—v[b,a,al. Then
[b,’ al] = [b7 a] + y[b’ a’ a’]’
V,d,d'] = [ba,a]+vlba,a,ad,
[b',d',b'] = [b,a,b]+2v[b,a,a,d,

b',d,d,d] = [V,d,d,b]=[ba,a,ad,

[b',d,0',0'] = alba,a,a =calt,d,d d],
[d,d] = —[ba,a] —v[b,a,a,a] =—[V,d, d],
[, ] = 0.
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So replacing a,b,c by a',V,c we have
2 ) 7

(a,b,c|[b,a,a,a] = [b,a,a,b], [ba,b,b] =alb,a,a,a, (7.115)
[c,a] = —=[b,a,al, [c,b] =0, class 4) (a € Z,).

Note that if o = 1 this is 7.110 [DW.100]. If « = 0 it is 7.114 [DW.147], and for
2< a<pitis DW.148.

We now show that the algebras 7.108 ¥ 7.115 are distinct (except that 7.115 with
a = 1is 7.110, and with @ = 0 it is 7.114). First note that the centre of L has
dimension 2 in 7.108 ” 7.110, and dimension 1 in 7.111 * 7.115 (except when o =1
in 7.115). Next, note that C' = (¢} + L? is the inverse image in L of the centre of
L/L?, so that it is a characteristic subalgebra. The subalgebra [C,L?] is spanned
by [b,a,a,b], and so has dimension 1 in 7.110, 7.113 ~ 7.115, but dimension 0 in the
remaining algebras. The subalgebra A generated by a,b is isomorphic to 6.27, 6.28
or 6.29, and if Bis any subalgebra generated by two elements a’, b’ which are linearly
independant modulo C, then B = A. In 7.111 the subalgebra A is isomorphic to 6.28,
and in 7.112 it is isomorphic to 6.29, so 7.111 and 7.112 are not isomorphic. From
the observations made so far, we see that 7.110, 7.111 and 7.112 are distinct from
the other algebras, and from each other. Furthermore, the algebras 7.108 ~ 7.109 are
distinct from 7.113 ~ 7.115. Algebra 7.108 has (p — 1)p?(p + 2) elements of breadth
1, and 7.109 has 2(p — 1)p? elements of breadth 1. So these two algebras are distinct
from each other.

It remains to distinguish 7.113, 7.114 and 7.115 (2 < a < p) from each other. We
note that ¢ + L* has breadth 1 in L/L* and we also note that the only elements in
C/L* outside L?/L* which have breadth 1 are of the form ac+ u+ L* or of the form
alc+ [b,a]) + u+ L* (a # 0, u € L?). So, up to scaling, the only generators of L
which satisfy the relations of L modulo L* are a', V', ¢’ where

a = amodC,
b = bmodC,
¢ = cmodL?,
or where
a = bmodC,
b = amodC,

d = c+[balmodL?.

In both cases, the commutators [b',a’,a’,d'], [/, d’,a',b'], [/, d’, b, 0] are non-zero scale
multiples of the commutators [b,a,a,al, [b,a,a,b], [b,a,b,b] (though not necessarily
in the same order). In 7.113 two of these commutators are zero, in 7.114 (and in
7.115 with & = 0) one of these commutators is zero, and in 7.115 with o # 0 none of
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the commutators is zero. So 7.113 and 7.114 are distinct from each other, and also
distinct from 7.115 for 2 < a < p.

Finally, consider the algebra 7.115 (2 < & < p). As described above, if a’, V', ¢ are
generators of L which staify the relation of L modulo L* then either a' = Aamod C,
b= pubmod C, or ¢’ = pbmod C, b’ = Aamod C (for some non-zero A, ). We consider
the relations [b,a,a,a] = [b,a,a,b] and [b,a,b,b] = alb,a,a,a] of L. We would like
to investigate the possibility that [V/,d’,d,a'] = [V/,d/,a’,V] but that [V/,d, b, =
oV, d,d,d] with o # a.

Suppose @' = AamodC, b' = ubmod C. If the relation [0,d’,d’,d'] = [V/,d',d', V]
is satisped then we must have A = p. But then [b',a',0 V] = a[l/,d',d',d']. And if
a = pbmod C, b = damod C then

[b,; a’,a ala al] = _)\,U3[b, a, ba b] = —)\/1,30{[1), a,a, a]a
V,d,d, 0] = —Nu?b,a,a,b = —Np*b,a,a,al,
[b,; a’,a bl: b,] = —)\3,L6[b, a,a, a]'

To ensure that [0/,a’,d’,a'] =[V',d,d',V'] we need A\ = pa, so that
[b,a ala bl; b,] = —/,L4O[3[b, a, a, CL] = O[[b,, ala ala al]'
So the algebras 7.115 with 2 < o < p are all distinct.

5.5.6 case 6

Now let L be an immediate descendant of 6.15. Then L is generated by a,b,c, and
(just as in the case the last three cases) the subalgebra A generated by a,b has
dimension 6, and is an immediate descendant of 5.7. So A is isomorphic to 6.27, 6.28
or 6.29. We have [c,a] = —[b,a,b] modulo L* and [c,b] = —w(b, a, a] modulo L*.
First suppose that A is isomorphic to 6.27, so that some non-trivial linear com-
bination of [b,a,a] and [b,a,b] is central. There is no loss in generality in assuming

that [b,a,b] is central, and so we may assume that

[b,a,a,b] = [b,a,b,b] =0,
[C’ CL] = _[b7 a, b] + /\[ba a, a, CI,],
[c,b] = —wlb,a,a]+ plb,a,a,a

for some A, i Replacing ¢ by ¢ — A[b, a,a] we have

[b,a,a,b] = [b,a,b,b =0,
[05 LL] = _[ba a, b],
[c,b] = —wlb,a,a]l+ plb,a,a,al
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Now setting b' = b+ a[b, a] we have

[b',a] = [b,a] + ab,a,a,
b a,a] = [b,a,a]+ alb,a,a,ad,
,a,b'] = [b,a,b,
b a,a,a] = [b,a,a,a],
[c,t] = —wlb,a,a]+ plb,a,a,al —walb,a,a,al.
So if we set a = p(l + w)~! we have [c,b] = [V/,a,a], and replacing b by ' we have
[DW.102]
{(a,b,c|[b,a,a,b] = [b,a,b,b] =0, [c,a] = —[b,a,b], [c,b] = —wl[b,a,al], class 4).

(7.106)
Next suppose that A is isomorphic to 6.28 or 6.29, so that no non-trivial linear
combination of [b,a,a] and [b,a,b] is central. So there are generators a',b' for A with
[0',d',a',b'] =0, and [V/,d',d,d], [b',a',0', V'] non-zero. There is no loss in generality
in assume that @’ = a, so that [b,a,a,a] spans L*. So

[b,a,a,b] = Alb,a,a,aqa,
[b,a,b,b] = plb,a,a,a

for some A, gt. To ensure that no non-trivial linear combination of [b,a,a] and [b, a, b]
is central we require that p # A2, We also have

[c,a] = —[b,a,b] + alb,a,a,a,
[c,b] = —wlb,a,a]+ B[b,a,a,d]
for some «, 8. If we let ¢ =c+ v[b,a,a] + d[b,a,b] then
[d,a] = —[b,a,bl+ (a+ v+ \)[b,a,a,ad,
[,b] = —wlb,a,a]+ (B+ \y+ ud)b,a,a,al.

Since p # A% we can ¢nd 7, so that
a+y7+A =0+ Ay+pud =0.
So, replacing ¢ by ¢, we may suppose that
[c,a] = —[b,a,b],
[c,b] = —wlb,a,al

We consider all possible generating sets a’, V', ¢ for L which satisfy the relation of
Lin a,b,c modulo L4, and we analyze the orbits of the pair of parameters A,y under
these diceerent generating sets. If we let C' = (c) +L2, then

ad = aa+ fbmodC,
¥ = +(wBa+ ab)modC,

d = (o®—wpcmod L?
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for some «, 3 which are not both zero. Then

V,d,d,d] = +(a®—wB?(a®+2abA+ B*u)b, a,a,a,
0,d',d V] = (o —wh?)(waf + o’ X+ whX + aBu)lb, a, a, al,
v,a,b,0] = £(a® —wB)W?B? + 2wafA+ & u)b, a, a,al.

To ensure that [V',d’,a’,a'] # 0 we require that o 4+ 2a8\ + B2y # 0, and then we
see that the pair (A, ) transforms into

(X, 1) = (i

waf + o?X+whiN+ afip w?B? + 2waB+ o?p
a? + 2aB\ + B2 a2+ 2aB8XN+ 2

with respect to the new generators a’,b,c¢/. Note that the value of the pair (X, y')

depends only on the ratio o : 5. If § =0 we have (N, ') = (A, p). If § # 0 then
we set o/ =7, and then

(X, 1) = (i

A+ r(w+ p) +wh P+ 2rol + w?
r24+2rA+pu T 24 2rA+p

We can think of the case § = 0 as corresponding to r = 00.

We now describe the orbits of the pairs ()\,,u) under this group of transformations,
and show that there are p+ 1 orbits. Thus there are p+1 algebras with presentations
of this form.

First consider the case when g = w. Then

r2p+ 2rwl + w? _
2+ 2r\+

for all values of 7, and so the orbit of (\,w) consists of all pairs (\,w) where

N T2\ + 2rw + wA

r24+2r\+w
First note that if 7 = — A then
A+ 2rw +wX
P24+ A+w
so we only need to consider values of
2\ 4+ 2rw + wA
r24+2rA4+w

Next note that
XA+ 2rw + w B

r2 4+ 2r\ 4+ w
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if and only if 7 = 0. So each value of A in the orbit occurs twice as 7 ranges over
the p+ 1 values 0,1,...,p — 1,00. However if 72 + 2r\A +w = 0 for any value of
r then X' = 00 also occurs twice, and we need to discount this value. Note that
2 +2r\A4+w = 0 for some value of 7 if and only if M—wis a square. So there are two
orbits of pairs (A, w), one of size (p —1)/2 and one of size (p + 1)/2. We can obtain
representatives for the two orbits by picking two values of A, one where A —wis a
square, and one where it is not.

Next consider the case when p = —w. The pair (0, —w) is in an orbit of size 1. If
A # 0 and g = —w then

2+ 2rw + w? _
24+ 2r\A + 1

if and only if 7 = 0 or 00, and 7 = 0 maps (A, —w) to (—A,—w). So the orbit has
p—+ 1 elements if A2 — W is not a square, and p — 1 elements if it is a square.
And now consider the orbit of (A, ) where p # tw. Then

P2+ 2rol + w?
242 A+ a
implies that r = o0 or that r = —(w-l—,u)/2)\ (with the second case only arising when

A#0). If A#0and 7 = —(w + i)/2\ then

A+ r(w+ p) +wh T2+ 2rol + w?
r24+2rA+p 7 r24+2rh4u

) = (=X, p)-

Once again, the orbit has p-+ 1 elements if A> — i is not a square, and p — 1 elements
if it is a square. Now there are p(p — 1) pairs (\, ) with A2 — 1 # 0, and in half the
pairs A2 — i is a square, and in half it is not. So p(p—1)/2 pairs in which A2 — s a
square split up into one orbit of size (p—1)/2 containing elements of the form (), w),
and into (p — 1)/2 orbits of size p — 1. The p(p — 1)/2 pairs in which A2 — 11 is not a
square split up into one orbit of size 1 containing (0, —w), one orbit of size (p+1)/2
containing elements of the form (A,w), and (p — 3)/2 orbits of size p+ 1. Note that
the p — 1 elements (A,0) (A # 0) must each lie in one of the (p — 1)/2 orbits of size
p— 1. Furthermore it follows from the calculations above that (A1,0) lies in the same
orbit as (Ag,0) if and only if A\; = £Xg. So {(A,0)[A=1,2,...,(p—1)/2} forms a
complete set of representatives for these orbits. Thus we have p + 1 algebras of the
form [DW.157 ¥ DW.161]

(a,b,c|[b,a,a,b] = Alb,a,a,al, [b,a,b,bl = pulb,a,a,a, (7.107)
[c,a] = —[b,a,b], [c,b] = —w[b,a,a], class 4),

with A2 — i # 0. The algebras are degned by the following pairs (A, u):

1. (0, —w),
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2. (A\,w) where \> —w is a square (all these algebras are isomorphic),

3. (A\,w) where A2 — w is not a square (all these algebras are isomorphic),

4. (A, 0) where 1 <A< (p—1)/2 (giving (p — 1)/2 diceerent algebras),

5. (A, p) where A\? — 1 is not a square, 1 # w, A # 0 if g = —w; these parameters

give (p—3)/2 diceerent algebras with two pairs (A, ), (X', ¢') giving isomorphic
algebras if (A, pu) = (N, p') or if

N, ) = A+ r(w+ p) + wh T2+ 2rw) + w?
’ r24+2rA+p T or242rd+

for some 1 € Zj,.

Note that 7.106 has a centre of dimension 2, whereas all the diccerent parameters
in 7.107 listed above give algebras with centres of dimension 1. (Actually, 7.106 is
7.107 with A = g = 0.) The fact that the diccerent sets of parameters (A, ) listed
for 7.107 give dicerent algebras follows from our complete analysis of all possible
generating sets a’, b, ¢ for L which satisfy the relation of L in a,b,c modulo L*.

5.5.7 case 7

Now let L be an immediate descendant of 6.16. Then L is generated by a,b,c, L?
is spanned modulo L3 by [b,a], [c,a], L? is spanned modulo L* by [b,a,b,b]. The
commutators [c,b], [b,a,a], [b,a,c] = [c,a,b], [c,a,a], [c,a,c] are all scalar multiples
of [b,a,b,b]. First, replacing ¢ by ¢+ A[b,a,b] for suitable A, we may suppose that
[c,b] = 0.

If [c,a] is central then by scaling @ we have [DW .60, DW .61]

(a,b,c|[c,b] =[b,a,a] =[c,a,a] =[c,a,b] = [c,a,c] =0, class 4), (7.108)

(a,b,c|lc,b] = [c,a,a] =[c,a,b] = [c,a,c] =0, [b,a,a] = [b,a,b,b], class 4). (7.109)

Now suppose that [C, a] is not central.

If [c,a] is not centralized by ¢ then replacing @ and b by a+ ac, b+ ¢ for suitable
a,  we can assume that [c,a] = [¢,b] = 0, and by scaling b and ¢ we can suppose that
[c,a,c] = [b,a,b,b]. Then by scaling a we can assume that [b,a,a] = 0 or [b,a,b,b].
So we have [DW.140, DW .141]

{a,b,c|[c,b] = [b,a,a] =[c,a,a] = [c,a,b] =0, [c,a,c] = [b,a,b,b], class 4), (7.110)

(a,b,c|[c,b] = [c,a,a] = [c,a,b] =0, [b,a,a] = [c,a,c] = [b,a,b,b], class 4). (7.111)

Finally, if [c, a] is centralized by c¢, then it must also be centralized by some
non-trivial linear combination of @ and b. By scaling we may suppose that [C, a] is
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centralized by @ or bor a — b. First suppose that ¢ is centralized by a. So [c,a,a] =
[c,a,c] = 0, and by scaling we may suppose that [b,a,c] = [c,a,b] = [b,a,b,b]
Replacing a by a + ac for suitable & we may suppose that [b, a, CL] = 0. This gives
[DW .98]

{a,b,c|[c,b] = [b,a,a] =c,a,a] =[c,a,c] =0, [c,a,b] = [b,a,b,b], class 4). (7.112)

And if ¢ is centralized by b then we have [c,a,b] = [c,a,c] = 0, and by scaling we
have [c,a,a] = [b,a,b,b]. Replacing b by b+ fc for suitable 5 we may suppose that
[b,a,a] = 0. This gives [DW.142]

{a,b,c|lc,b] = [b,a,a] =c,a,b] =[c,a,¢] =0, [c,a,a] = [b,a,b,b], class 4). (7.113)

Finally, if [c, a] is centralized by a — b then we have [c, a, c] = 0 and by scaling we
have

[c,a,a] = [c,a,b] = [b,a,c|] = [b,a,b,b].

If we let @’ = a + ac then
[c,d,d'] =]c,d',b] = [b,d,c] = [b,a,b,b] = [b,a,b,b],

and

[b,d',d'] = [b,a,a] + ab,a, b, b].

So replacing a by a' for suitable o we obtain [DW .143]
(a,b,c|lc,b] =[b,a,a] =c,a,c] =0, [c,a,a] = [c,a,b] = [b,a,b,b], class 4). (7.114)

To see that these seven algebras are distinct we note that C' = (C)+L2 is the third
term of the ascending central series, so that it is a characteristic subalgebra, and that
[C,L,C] = {0} if and only if [¢,a,¢] = 0. So 7.110 and 7.111 are distinct from the
other gve algebras. They are also distinct from each other since the centralizer of the
derived algebra has dimension 5 in 7.110, but dimension 4 in 7.111. The centralizer
of the derived algebra also has dimension 4 in 7.114, dimension 5 in 7.109, 7.112
and 7.113, and dimension 6 in 7.108. also, the centre of the algebra has dimension
2 in 7.109 and 7.112, but dimension 1 in 7.113. So it remains to distinguish 7.109
and 7.112 from each other. We gnally note that [C,L?] = {0} in 7.109, but that
[C,L?]=L*in 7.112.

5.5.8 case 8

Let L be an immediate descendant of 6.20. Then L is generated by a,b,c, L? is
spanned modulo L3 by [b,a], [c,a], and L? is spanned by [b,a,a] modulo L* and L*
is spanned by [b, a,a, a]. The commutators

e, b], [b,a,b], [b,a,c] =][ca,b] [ca,dqa], [ca,c]
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are all linear multiples of [b,a,a,al. First note that replacing ¢ by ¢+ A[b,a] for
suitable A\ we may suppose that [c, a,a] = 0.

First consider the case when [c, a] is central. Then by scaling b we can suppose
that [b,a,b] = 0 or [b,a,a,al, and by scaling ¢ we can suppose that [c,b] = 0 or
[b,a,a,a]. So we have four algebras [DW .64, DW .65, DW .67, DW .68]

(a,b,c|lc,b] = [b,a,b] =[b,a,c] =[c,a,a] =[c,a,c] =0, class 4), (7.115)

{(a,b,c|lc,b] = [b,a,c] =]c,a,a] =[c,a,c] =0, [b,a,b] = [b,a,a,al, class 4), (7.116)
{(a,b,c|[b,a,b] =[b,a,c] =]c,a,a] =[c,a,c] =0, [c,b] = [b,a,a,a], class 4), (7.117)
{(a,b,c|[b,a,cl=]c,a,a] =[c,a,c] =0, [c,b] = [b,a,b] = [b,a,a,a], class 4). (7.118)

Now suppose that [C, a] is not central, so that at least one of [C, a, b] and [C, a, c] is
non-zero. Some non-trivial linear combination of b and ¢ must centralize [c, a].

It [C, a, C] = 0 then by scaling we may assume that
[b,a,c] = [c,a,b] = [b,a,a,al.

Then replacing ¢ by c—|—a[c, CL] for suitable & we may assume that [c, b] =0. If we let
b = b+ Bc then

[b', a] [b, a] + Blc, al,
[b',a,d b, a,al,
b, a,b'] [b, a,b] + 28[b, a, a, al,
b,a,c] = [b,a,a,adl,
[b',a,a,a] = [b,a,a,al,
[C’ bl] = 0,

so replacing b by b' for suitable 8 we may suppose that [b,a,b] = 0. This gives
[DW .152]

{(a,b,c|lc,b] =[b,a,b] = [c,a,a] = [c,a,c] =0, [b,a,c] = [b,a,a,a], class 4). (7.119)
On the other hand if [c,a,c] # 0 then b+ yc must centralize [c,a] for some 7.
Replacing b by b+ ¢ we may suppose that [b,a,c] = [c,a,b] = 0. Scaling b we may
suppose that [c,a,c] = [b, a,a,al. Now replacing b by b+ d[c, a] for suitable § we may
suppose that [c,b] = 0. We also have [b,a,b] = A[b, a,a,al], and scaling a and ¢ by the
same scale factor we may suppose that A =0, 1 or w. This gives [DW.149, DW .150,
DW .151]
{(a,b,c|lc,b] =[b,a,b] = [b,a,c] =[c,a,a] =0, [c,a,c] = [b,a,a,a], class 4), (7.120)

(a,b,c|lc,b] =[b,a,c] =]c,a,a] =0, [b,a,b] =|c,a,c|] =1[b,a,a,al, class 4), (7.121)
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(a,b,cl[c,b] = [b,a,¢] =][c,a,a] =0, [b,a,b] =wlb,a,a,aqal, (7.122)

[c,a,¢] = [b,a,a,al], class 4).

To see that these eight algebras are distinct from one another grst note that the
centre has dimension 2 in 7.115 ¥ 7.118, and dimension 1 in 7.119 ¥ 7.122. Next note
that the centralizer of L? has dimension 6 in 7.115 and 7.117, dimension 5 in 7.116,
7.118 and 7.120, and dimension 4 in 7.119, 7.121 and 7.122. In algebras 7.115 ” 7.118
the second term of the ascending central series is C' = (¢, [c,a]) + L3 In 7.115 and
7.116 the element c € C\L2 has breadth 1, but in 7.117 and 7.118 every element of
C\L2 has breadth 2. So the algebras 7.115 ~ 7.118 are dicerent from each other as
well as from 7.119 ~ 7.122. In 7.119 ~ 7.122 the third term of the ascending central
series is D = (¢) + L% In 7.119 [C,L,C] = {0}, but in 7.120 ~ 7.122 [C,L,C] =
So it only remains to show that 7.121 is not isomorphic to 7.122. Now in 7.121 and
7.122 the centralizer of L3 is the ideal I = (b,c)+ L% Consider the problem of gnding
an element d € C\L? such that[a’,d,d] = 0 for all a’ ¢ C. this is equivalent to the
problem of gnding scalars «, 3 such that

la,ab + Bc, ab + Be] = 0.

In 7.121 we require &® + 32 = 0 and in 7.122 we require o? + wf? = 0. Thus we
can gnd these scalars in one of the two algebras, but not in the other. (Which one
depends on the value of pmod4.) So 7.121 is not isomorphic to 7.122.

5.5.9 case 9

Let L be an immediate descendant of 6.21. Then L is generated by a,b,c, L? is
spanned modulo L3 by [b,a], [c,a], and L3 is spanned by [b,a,a] modulo L* and L*
is spanned by [b, a,a,al. The commutators

[b,a,b], [b,a,c], [ca,al, ca,c]
are all linear multiples of [b,a,a,a]. Also, [c,b] = [b, a,a]+«lb, a, a,a] for some «, and
[Ca a, b] = [b7 a, a, CL] + [b7 a, C]'

First note that replacing ¢ by c+A[b, a] for suitable X\ we may suppose that [c, a, a] = 0.
Suppose for the moment that [c, a, C] = 0 and that [b, a, C] = n[b, a,a, a] for some
n € Zyp. Let ' = b+ pc. Then

[t',a] = [ba] + plc,al,
[c, V] [, 0],
[b',a,a] = [b,a,a],
[b',a,b'] b, a,b] + plc, a,b] + plb, a, ]
= [b,a,b] + u(l + 2n)[b,a,a,aqal,
[b',a,c] = nlb,a,a,aq.
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So provided m # —1/2 we can replace b by b’ for suitable pso that [b, a,b] = 0. When
n = —1/2 then we can scale bso that [b,a,b] = 0or [b,a,a,a]. Next, let b’ = b+v[b,al.
Then

[b',a] = [b,a]+v[b,a,ad],
[c,t] = [c,b] —nvb,a,a,d
= [b,a,a] + (a — nv)b, a,a,al,
[b',a,a] = [b,a,a]+ v[b,a,a,d,
(b, a,b] b, a,b],
[b',a,c] = nlb,a,a,d.

As long as m # —1 we can choose v so that [c,0'] = [b',a,a], and we replace b by V.
But if n = —1 then we let @' = a + ve, which gives

[ !

[b,a] — v[b,a,a] — valb,a,a,a],

a]
[c,d'] = lcal,

[b,d,d'] = [b,a,a] —2vb,a,a,d,
[b,d,b] [, a, b],

b,d',c] = [b,a,c]=—[b,a,a,a],

[b,d',d',a'] = [b,a,a,ad,
[e,d,d'] = lcd,c]=0,
so if we let ¥ = —a/2 then [c,b] = [b,d',d'], and we replace a by a@'. So in every

case we can assume that [c,b] = [b,a,a], and we have the following algebras [DW.101,
DW.154, DW.155]

(a,b,c|[b,a,b] = |[e,a,a]=][c,a,c¢] =0, [c,b] =[b,a,a], (7.123)

[b,a,c] = n[b,a,a,al, class 4)

for n € Z,, together with [DW.156]

(a,b,c|lc,a,a] = [e,a,¢] =0, [c,b] = [b,a,a], (7.124)
1
[b,a,c] = _i[b’ a,a,al, [b,a,b] = [b,a,a,al, class 4).
Note that when n = —1 in 7.124 then [c,a,b] = 0, so that [c,a] is central which gives

DW .101, and that when n = 0 we have DW .154.

Finally, consider the case when [C, a, c] # 0. Scaling b we may suppose that
[c,a,c] = [b,a,a,a]. Replacing bby b+ pc for suitable i, we can assume that [b,a,c] =
0. And then replacing (the new) b by b+ v|c,a] for suitable v we can suppose that
[c,b] = [b,a,a]. This gives [DW.153]

(a,b,c|[b,a,c] = [c,a,a] =0, [c,b] =b,a,al, (7.125)
[b,a,b] = mnlb,a,a,al, [c,a,c] =1[b,a,a,a], class 4).
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for n € Z,.
In all of these algebras the third term of the ascending central series is C' = <c)+L2.
In 7.123 and 7.124 [C,L,C] = {0}, but in 7.125 [C,L,C] = L*. We also note that
the subalgbra D = (b,c¢) + L? is characteristic in all these algebras since it is the
centralizer of L3.
For the algebras 7.123 and 7.124 we consider possible generating sets a’,b',c
satisfying
[d,ad,d]=[c,d,d]=0,[,b]=[,d,d],
with L* spanned by [V',d',a’,a'] and [V,d',V'], [V/,d,¢] € L*. Clearly o' ¢ D, V' €
D\C, and ¢ € ¢\L?. So
ad = aa+ b+ yc+u,
b = 6b+ec+w,
c = nc+w,
for some scalars o, 3,7, 6,&,n with o, 8,7 # 0 and u,v,w € L?. Then
[d,b] = dn[b,a,a]mod L*,
[V,d,d] = a%§[b,a,a]mod L?,

[bla ala CI] = aén[ba a, C],

[V,d,d',d] = o*3[b,a,a,al
Since we require [¢,V] = [V/,d,d'], we must have n = a?, so that [V,d',c] =
n[b’,a’,a',a’]. So diceerent values of m in 7.123 give dieerent algebras. Also, 7.124
could only be isomorphic to 7.123 for n = —1/2. In this case
[v,d,b] = ad?b,a,b]+ ade(b,a,c]+[c,a,b))
a6?[b, a, b]

so that there no generators a',b',c for 7.124 with [V/,d’, '] = 0.

Similarly, for the algebras 7.125 we consider possible sets of generators a’,b',c
satsifying
b,d,dl=|d,d,d]=0,[,b]=[,d,d], [d,d,d]=[V,d, d,ad] #0,
with [V/,a/,b'] € L% Clearly a',V,c must be of the same form as described above,

and then
[b',d, ] = aenlb,a, a,d
so that we must have € = (. This implies that
[d,b'] = dnb,a,a)mod L*,
[V,d,ad] = a*§[b,a,a]mod L?,
v,d',b] = adb,a,b,
[,d,d',d] = a3d[b,a,a,a],

[d,d,d] = an’b,a,a,a]
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To ensure that [¢, 0] = [b',d’,a'] we must have n = a2, and to ensure that [¢,d’,c] =
[V',d',d',a']| we must have § = o so that if [b,a,b] = n[b,a,a,a] then [V, d' 0] =
n[b’,a',a’,a']. So diceerent values of n give diceerent algebras.

5.5.10 case 10

Let L be an immediate descendant of 6.22. Then L is generated by a,b,c, L? is
spanned by [b,a] modulo L3, L3 is spanned by [b, a,b] modulo L* L*is spanned by
[b,a,b,b] modulo L° and L5 is spanned by [b,a,b,b,a] and [b,a,b,b,b]. The commu-
tators [b,a,a] and [c,b] lie in L® and [c,a] = —[b,a,b,b] modulo L°. Since L5 has
dimension 1, [b,a,b,b] must be centralized by some non-trivial linear combination of
a and b, and we may suppose that [b,a,b,b] is centralized by a or by b.

First suppose that [b,a,b,b,a] = 0, so that L% is spanned by [b,a, b, b,b]. Replacing
¢ by ¢+ Ab,a,b,b] for suitable A we may suppose that [c,b] = 0. Then replacing a
by a + puc for suitable 4 we may suppose that [b,a,a] = 0. So [c,a] = —[b,a,b,b] +
a[b,a,b,b,b], and scaling band ¢ we may suppose that & = 0 or 1. This gives [DW.165,
DW .166]

{a,b,c|[c,b] = [b,a,a] =0, [c,a] =—[b,a,b,b, (7.126)
[b,a,b,b,a] = 0, class 5),

<a; b,C| [C’ b] = [b7 a, a] =0, [C’ a‘] = _[b’ a, ba b] + [b? a, b: b7 b]a (7.127)
[b,a,b,b,a] = 0, class 5).

Next suppose that [b,a,b,b,b] = 0so that L°is spanned by [b, a, b, b, a]. Replacing
¢ by ¢+ Ab,a,b,b] for suitable A we may suppose that [c,a] = —[b,a,b,b]. And
replacing b by b+ pc for suitable g we may suppose that [b,a,a] = 0. So [c,b] =
alb,a,b,b,a], and scaling we may suppose that & = 0 or 1. This gives [DW.167,
DW .168]

{a,b,c|lc,b] = [b,a,a] =0, [c,a] =—[b,a,b,b, (7.128)
[b,a,b,b,b] = 0, class 5),

(a,b,c|[b,a,a] = 0, [c,a] = —I[b,a,b,b], [c,b =I[b,a,b,b,al, (7.129)
[b,a,b,b,b] = 0, class 5).

Note that the centralizer of the derived algebra has dimension 5 in 7.126 and
7.127, but dimension 3 in 7.128 and 7.129. In 7.128 and 7.129 the second term of the
ascending central series is C' = (C) + L* In 7.128 c has breadth 1, but no element
of C\L4 has breadth 1 in 7.129. So 7.128 and 7.129 are dicerent from 7.126 and
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7.127, as well as from each other. To show that 7.126 and 7.127 are not isomorphic
we consider generating sets a’,b’, ¢ for 7.126 and 7.127 satisfying the relations

(0] = [V,d,d]=[V,d Vb, d]=0,
[d,a'] = —[b,a,b,blmod L®,

with [0',a’,0/,b',b'] # 0. Note that in 7.126 and 7.127 the third term of the ascending
central series is D = (c¢) + L?, and since ¢’ € D we must have ¢ = ac modulo L? for
some a # 0. So a', b’ must be linearly independant modulo (C) +L2, and this implies
that [b',a'] = B[b, a] modulo L? for some 3 # 0. If

a' = Xa+ pb+ ve+ €[b,a]mod L?
then

0=[v,d,a] = uplb,a,b mod L*
so that 4 =0 and

0=1[V,d,d] = Bvlb,a,cl = —Bv[b,a,b,b,b].
So v = 0 also, which imples that A # 0. Now let
b = 6a +eb+ nemod L,
where € # 0. Then

[V,a] = e)b,a] —&&[b, a, b mod L*,
[V,ad,b'] = &*Ab,a,b] —e*¢[b, a,b,blmod L,
,a, 0,0 = &*A[b,a,b,b] —&3¢[b, a,b,b,b],
W, a0, 0,0] = &*A]b,a,b,b,0],
[d,d'] = ale, a] —a&lb,a,c]

ale, a] + a&lb, a, b, b, b].

then we must have o = —&% so that if [c,a] = [b,a,b,b] then [c/,a'] = [V, d’, V', V]. So
7.126 and 7.127 are not isomorphic.

5.5.11 case 11

Let L be an immediate descendant of 6.23. Then L is generated by a,b,c, L? is
spanned by [b,a] modulo L3, L3 is spanned by [b,a,b] modulo L* L*is spanned by
[b,a,b,b] modulo L and L? is spanned by [b,a,b,b,a] and [b,a,b,b,b]. The commuta-
tor [c,b] lies in L, [b,a,a] = [b,a,b,b] modulo L® and [c,a] = —[b,a,b,b] modulo L°.
Since L° has dimension 1, [b,a,b,b] must be centralized by some non-trivial linear
combination of @ and b, and we may suppose that [b,a,b,b| is centralized by a or by

b.
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First suppose that [b,a,b,b,a] = 0, so that L’ is spanned by [b,a,b,b,b]. If we
replace a by a + ac for suitable o we may suppose that [b,a,a] = [b,a,b,b]. And
replacing ¢ by ¢+ [b,a,b,b| for suitable S we may suppose that [c,b] = 0. Now
suppose that

[c,a] = —[b,a,b,b] + A[b,a, b, b, b].

We want to show that we can assume that A = 0. Let 7 € Zj, and let

ad = a-—2vc,
b = b+na,
¢ = c+qlbab]— (v’ +7A)b a,b,0].
Then
[,a] = [b,a]modL?,
[b',d',a'] = [b,a,a] —2v[b,a,c]
= [b,a,b,0] +27[b, a,b,b,b],
o', 0] = [b,a,b] +[b,a,b,b| mod L?,
[ a b, ,] = [b7 a’ b’ b] + 27[1)7 a/’ b’ b’ b]’
[b',a',b',0',0'] = [b,a,b,b,bl,
[, 0] = Ale,a] +7[b,a,b,b] = yA[b, a,b,b,0] = 0,
[c,a] = [c,a] +7[b,a,b,b,0]
b, a,b,0] + (7 + )b, a, b, b, .
o [0,d,d]=1[V,d,0,V], [c,0] =0, and [¢/,d'] = —[V/,d,0,V] provided v = —\/3.
So replacing a, b, c by a', 0, for this value of 7 we obtain [DW.173]
(a,b,c[[b,a,a] = [b,a,b,b], [c,a] = —[b,a,b,b], [c,b] =0, (7.130)

[b,a,b,b,a] = 0, class 5).

In the case when p = 3 we cannot take A\ = 0, but if A # 0, then we can take

A =1 by scaling. This gives
(a,b,c|[b,a,a] = [b,a,b,bl], [c,a] = —[b,a,b,b] + [b,a,b,b,b], (7.130A)
[e,b] = 0, [b,a,b,b,al =0, class 5).

Next, suppose that [b,a,b,b,b] =0, so that L° is spanned by [b,a,b,b,a]. Replac-
ing ¢ by ¢+ alb,a,b,b| for suitable & we may suppose that [c,a] = —[b,a,b,b]. And
replacing b by b+ [c for suitable 5, we may suppose that [b,a,a] = [b,a,b,b]. We
also have [c,b] = 7[b,a,b,b, a] for some 7. Setting a’' = A?a, b’ = \b, ¢ = X3¢ (A # 0)
we have

[d,a'] = N[c,a]=—[V,d, b, V],
V,d',d] = MN[ba,a =[,d, b, b,
[, 6] = Ae,b] = (v.A )Y, d, 0,0, d]
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So we may assume that v = 0, or 1, or (when p = 1mod3) w or w? This gives
[DW.169 * DW.172]

(a,b,c|[b,a,a] = [b,a,b,b], [c,a] = —[b,a,b,b], [b,a,b,b,b] =0, (7.131)
[c,b] = ~[b,a,b,b,a], class 5).

In 7.130 the centraizer of the derived algebra has dimension 4, but in 7.131 it has
dimension 3, so these algebras are diccerent. In 7.131 the third term of the ascending
central series is (c) + L3, and the centralizer of L* is (b,c) + L?. Also, the inverse
image in L of the centraizer of L>/L° is {a,c) + L?. So if a',l/,c are any generators
of 7.131 which satisfy the relations

(b, d | =[V,d 0,0, [d,d]=—[V),d, 0, 0], [b,d, b0, 0] =0,
with L® spanned by [b,a’,V',b',d'], and with [¢, '] € L® then

d = aa+ Bc+d8b,almod L’
V' = ub+vc+Eb, almod L,
¢ = pc+olb,a,bmodL*

for some «, 3,0, u, v, p,o with «, i, p # 0. So
[, V'] = wple, b] + uolb, a,b,b] + £olb, a, b, b, al.
This implies that 0 = 0 and that [¢/,0'] = pp|c, b]. We also have

[,ad',a'] = o’u[b,a,a]modL?,
[d,a'] = aplc,a]modL?,
v,d,b',0'] = ap’lb,a,b,blmodL?
[V,d, b, 0,a] = o?u’lb,a,b,b,al

So o&?u = ap = ap’ so that a = p?, p = p? and
[d,b] = u[c,b] = u*y[b,a,b,b,a] = (y.u™®)[V),d', b, b, d].

So the diceerent values of 7y speciged in 7.131 give diceerent algebras.

5.5.12 case 12

Let L be an immediate descendant of 6.24. Then L is generated by a, b, c, and L has
class 5. The subalgebra A generated by a,b is an immediate descendant of 5.8, and
has dimension 6. So Ais isomorphic to to 6.30, 6.31 or 6.32. Also [c,al, [c,b] € L°.
We also have L*is spanned by [b,a,b,b], with L® spanned by [b,a,b,b,b] when A is
6.30 or 6.31, and L5 spanned by [b,a,b,b,a] in 6.32. So replacing c by ¢+ afb,a, b, b]
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for suitable & we may assume that [c,b] = 0 when Ais 6.30 or 6.31, and that [c,a] =0
when A is 6.32. Thus we get six algebras [DW.30 ~ DW.32, DW.121 * DW .123]

(a,b|[b,a,a] =[b,a,b,b,a] =0, class 5) ® (c), (7.132)

(a,b|[b,a,a] =1[b,a,b,b,b], [ba,b,b,al =0, class 5) & (c), ( )
{(a,b|[b,a,a] = [b,a,b,b,b] =0, class 5) & (c}, ( )

(a,b,c|[b,a,a] =[b,a,b,b,a]l =[c,b] =0, [c,a] = [b,a,b,b,b], class 5), (7.135)
(a,b,c|[b,a,a] =[c,a] = [b,a,b,b,b], [b,a,b,b,a] =[c,b] =0, class 5), ( )
(a,b,c|[b,a,a] =1[b,a,b,b, b =|c,a] =0, [c,b] = [b,a,b,b,a], class 5). ( )

Note that the grst three of these algebras have centres of dimension 2, and that
the last three have centres of dimension 1. Also, in each of the six algebras any
2-generator six dimensional subalgebra is isomorphic to A, so these six algebras are
all diceerent.

5.5.13 case 13

Let L be an immediate descendant of 6.25. Then L is generated by a,b,c, and L has
class 5. The subalgebra A generated by a,b is an immediate descendant of 5.9, and
has dimension 6. So Ais isomorphic to to 6.33 or 6.34, and just as in case 12 above
we obtain four distinct algebras [DW .33, DW .34, DW.124, DW .125]

(a,b|[b,a,a] =[b,a,b,b], [b,a,b,b a] =0, class 5) ® (c), (7.138)
(a,b|[b,a,a] =[b,a,b,b], [bya,b,b bl =0, class 5) & (c), (7.139)
{(a,b,c|[b,a,a] = [b,a,b,bl], [b,a,b,b,a] =][c,b =0, (7.140)

[c,a] = [b,a,b,b,b], class 5),

(a,b,c|[b,a,a] = 1[b,a,b,bl, [b,a,b,bb]=]c,al =0, (7.141)
[c,b] = [b,a,b,b,al], class 5).

5.5.14 case 14

Let L be an immediate descendant of 6.26. Then L is generated by a,b,c, L? is
spanned modulo L? by [b,a], L? is spanned modulo L* by [b,a,b], L* is spanned
modulo L% by [b,a,b,b], and L% is spanned by [b,a,b,b,b]. The commutators [c,b]
and [b,a,a] lie in L, and [c,a] = —[b,a,b] + a[b,a,b,b,b] for some . Replacing c by
c+ A[b, a, b, b] for suitable A we can assume that [c,b] = 0. By scaling we may assume
that [b,a,a]l =0 or [b,a,b,b,b.
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First consider the case when [b,a,a] = 0. By scaling we can assume that @ =0, 1
or w. This gives [DW.186, DW.187, DW.188, though the parameters for DW.187,
DW.188 seem weird! They work for p = 7, but for p = 11 I reckon that n = 1 in
DW.187 and m = 3 in DW.188, and these give isomorphic groups.]

(a,b,c|[b,a,a] =[c,b] =0, [¢,a] = —[b,a,b] + alb,a,b,b,b], class 5) (=0, 1,w).
(7.142)
On the other hand, when [b,a,a] = [b,a,b,b,b], then let o' = a, b/ = b+ pa,
c = c+ plb,a] + v[b,a,b,b]. Then

b,d] = [bd],
[d,d'] = [e,a] + ulb,a,b,b,b],
[, 6] = ple,al+ ulb,a,b] + (u* +v)[b,a,b,b, b,
',d,d] = [b,a,a] =[b,a,b,b,b|,
b, ab'] = [b,a,b]+ pulb,a,b,b,b,
W,d, b, 8] = [bab,b,
W,a, b, 0,0] = [ba,b,b,b.

So, by suitable choice of 4 and V we can ensure that

[, V] 0,
[bl, CL,, a,,] — [bl, al’ bl, b,, bl],
[C,,a,,] — —[bl, U,I,bl]

and replacing a,b,c by a',b',c we have [DW .189]
(a,b,c|[c,b] =0, [c,a] = —I[b,a,b],[b,a,a] = [b,a,b,b,b], class 5). (7.143)

The centralizer of L? has dimension 4 in 7.143, but dimension 5 in 7.142. So 7.142
is diceerent from 7.143. To show that we get diceerent algebras in 7.142 for the three
diceerent values of o we consider possible generating sets a’, b, c for 7.142 satisfying
the relations

[V,a,a]=1[c,¥]=0,[c,d] =—[b,ad',d']mod L°,

with L® spanned by [b,a’,b',b',V']. First note that if a/,b', ¢ satisfy these relations
then
a € Cp(L*) = {a) + L?,

and ¢ lies in the inverse image in L of the centre of L/L3, (c) + L?, and so

ad = Ba+u,
V¥ = ya+db+ec+w,
d = nec+w,

76



for some f3,7,6,¢,n with 3,0,7 # 0 and u,v,w € L% Using the fact that if u € L2
then [c,u| = [u,b,b] we see that
[b',d] = pBdlb,a] — d[u,b] + Belc, a] + elu, b, b],
[d,a] = Bnle,a] + nlu, b, ]
= —0n[b,a,b] + abnlb,a,b,b, b + nlu, b, b],
[V,d,b'] = B&*[b,a,b] — §?[u,b,b] + Bde[c, a, b] + [u, b, b, b]
+B6¢e[b, a, c] — d¢elu, b, c] + Be?[c, a, c]
= B6%b, a,b] — 6*[u, b,b] — Bdc[b, a, b, b] + [u, b, b, b]
—Bd¢elb, a, b, b] + de[u, b, b, b] + Be2[b, a, b, b, b).

Now we require [c/,a'] = —[b/,a’,V'] modulo L°, and this implies that 7 = 0% and
e=0. So
[d,a'] = —pB&%b,a,b] + aBs?[b,a,b,b,b] + §*[u,b,b],
v,d,b'] = pB&?b,a,b] — 6*[u,b,b],

b, a0 0] = 553[(), a,b,b] — (53[u, b, b,b],
W, W, 6,6 = B64b,a,b,b,b].
This implies that
[d,a] ==, d V] +ad™2[,d, b, b, b,

and so the values 0,1,w for o do indeed give diccerent algebras.

0.6 2 generators

If Lis a two generator algebra of dimension 7 then L is an immediate descendant of
one of 5.7 ¥ 5.9, 6.27 ~ 6.31, or 6.33. (The algebras 6.32 and 6.34 are terminal.)

5.6.1 case 1

Let L be a descendant of 5.7. Then L is generated by a,b, L/L*is free of rank 2, and
L*is spanned by [b,a,a,al, [b,a,a,b] and [b,a,b,b] and has dimension 2. So L must
satisfy a relation

alb, a,a,a] + B[b, a, a, b + y[b, a,b,b] = 0.
If « =y =0 then we have a relation [b,a,a,b] =0, and we replace a by a+ b, b by
a — b, which gives us the relation

[b,a,a,a] — [b,a,b,b] = 0.

So we can assume that at least one of «,7 is non-zero, and swapping @ and b if
necessary, we may assume that o = 1. If we now replace a by a + (ﬁ/?)b we get the

relation

[b,a,a,a] = (8*/4 —7)[b, a, b, b].
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After scaling this gives us three algebras [DW .96, DW .95, DW .97]
(a,b|[b,a,a,a] = A[b,a,b,b], class 4) (A =0,1,w). (7.144)

To show that these three algebras are diccerent from each other, we count elements
of breadth 1. Clearly any element of breadth 1 must lie in L3. So consider an element
u = afb,a,a] + B[b,a,b] + g where g € L*. 1f [b,a,a,a] = 0 then we must have a # 0,
B8 =0 for u to have breadth 1. So when A = 0 there are p3 —p2 elements of breadth
1. If A =1 then

[u,a] = pBb,a,a,bl + alb,a,b,b,
[u’ b] = al:b’ CL’ a” a/] + ﬁ[b7 a’ b’ b]7

so that u has breadth 1if & = &8 # 0. So when A =1 there are 2(p® — p?) elements
of breadth 1. Finally, if A = w then

[u,a] = pBlb,a,a,b]+ awlb,a,b,b,
[u,b] = alb,a,a,b]+ B[b,a,b,bl,

and there are no elements of breadth 1, since 82— o%w =0 only if a = 3 = 0.

5.6.2 case 2

Let L be a descendant of 5.8. Then L is generated by a,b, L? is spanned modulo L3
by [b,a], L® is spanned modulo L* by [b,a,b], L* is spanned modulo L’ by [b,a,b,b],
and L° has dimension 2, and is spanned by [b,a,b,b,a] and [b,a,b,b,b]. We have
[b,a,a] € L°. Replacing a by a+ alb,a,b| for suitable @, we may suppose that

[b,a,a] = A[b,a,b,b,b|,
where by scaling we may take A =0 or 1. This gives [DW.105, DW .106]
(a,b|[b,a,a] = Alb,a,b,b,b], class 5) (A =10,1). (7.145)

We distinguish between these two algebras by noting that if A\ = 0 then a has
breadth 2, but if A = 1 then every element outside L? has breadth at least 3.

5.6.3 case 3

Let L be a descendant of 5.9. Then L is generated by a,b, L? is spanned modulo L3
by [b,a], L® is spanned modulo L* by [b,a,b], L* is spanned modulo L? by [b,a,b,b],
and L® has dimension 2, and is spanned by [b,a,b,b,a] and [b,a,b,b,b]. We have

[b7 a’ a] = [b’ a7 b’ b] + a[b’ a7 b’ b7 a/] + ﬁ[b7 a/i b7 b7 b]
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for some «, . Let o' = a+ Alb,a,b] and let b’ = b+ pa. Then

[b',ad'] = [b,a]l — Ab,a,b,b] — Aulb,a,b,b,b],
b',ad',d'] = [b,a,a] —2A[b,a,b,b,al
— [b,a,b,b] + (& — 2\)[b, a, b, b, a] + B[b, a, b, b, B],
[v,a',b'] = [b,a,b]+ pu[b,a,b,b modL®,
[,a,b',b'] = [b,a,b,b]+ p*b,a,b,b,a]+ 2ulb,a,b,b,b]
[b,a 0,0, d] = I[ba,bb,a,
[b',a',b',b',b'] = ulb,a,b,b,a]l+ [b,a,b,b,b].

So we can choose A, i so that [b/,a’,a'] = [V/,d', b, V], and this gives us [DW.109]

(a,b|[b,a,a] =[b,a,b,b], class 5). (7.146)

5.6.4 case 4

Let L be a descendant of 6.27. Then L is generated by a,b, L/L* is free of class 3, L*
is spanned modulo L° by [b,a,b,b] and L® is spanned by [b,a,b,b,a] and [b,a,b,b,b].
The commutators [b,a,a,a] and [b,a,a,b] both lie in L. Since L° has dimension 1,
[b,a,b,b,a] and [b,a,b,b,b] must be linearly dependant.

First consider the case when [b,a,b,b,a] = 0. Then [b,a,a,a] and [b,a,a,b] are
linear multiples of [b,a,b,b,b]. By scaling we can suppose that [b,a,a,a] = 0 or
[b,a,b,b, bl

If [b,a,a,a] = 0. Then by scaling we may suppose that [b,a,a,b] = 0or [b,a,b,b,b|.
This gives [DW.103, DW.107]

(a,b|[b,a,a,a] =[b,a,a,b] = [b,a,b,b,a] =0, class 5), (7.147)

(a,b|[b,a,a,a] =[b,a,b,b,al =0, [b,a,a,b] = [b,a,b,b,b], class 5). (7.148)

On the other hand, if [b,a,a,a] = [b,a,b,b,b] then replacing b by b+ Aa for suitable
A, we may suppose that [b,a,a,b] = 0. This gives [DW.162]

{(a,b|[b,a,a,b] =[b,a,b,b,al =0, [b,a,a,a] = [b,a,b,b,b], class 5). (7.149)

Next, consider the case when [b, a,b, b, a] is non-zero, and [b, a, b, b, b] = a[b, a, b, b, al.
Replacing b by b—awa we have [b,a,b,b,b] = 0. Then we have [b,a,a,a] = A[b, a,b,b, a,
[b,a,a,b] = ulb,a,b,b,a] for some A, . By scaling b we can take g = 0or 1, and then
scaling @ we can take A = 1 or 1. So we get four algebras [DW.104, DW.108, DW.163,
DW .164]

{(a,b|[b,a,a,a] =[b,a,a,b] = [b,a,b,b, bl =0, class 5), (7.150)
{a,b|[b,a,a,b] =[b,a,b,b,b] =0, [b,a,a,a] =[b,a,b,b,a], class 5), (7.151)
(a,b|[b,a,a,a] =[b,a,b,b,b] =0, [b,a,a,b] = [b,a,b,b,al, class 5), (7.152)
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(a,b|[b,a,b,b,b] =0, [b,a,a,a] =[b,a,a,b] = [b,a,b,b,a], class 5). (7.153)

Note that the centres of 7.147, 7.148, 7.150, 7.151 all have dimension 2 (they
contain either [b,a,a] or [b,a,a] — [b,a,b,b]), but that the other three algebras have
centres of dimension 1. Also note that L is metabelian in 7.147 ~ 7.149, but not in
the other four algebras.

We distinguish between 7.147 and 7.148 by counting elements of breadth 1. Clearly
any element of breadth 1 must lie in L3. In 7.147 there are ]92(]92 — 1) elements of
breadth 1, but in 7.148 there are only p2(p— 1) elements of breadth 1.

In 7.150, [b, a,a] € ((L)\L*, but 7.151 has no element [V, a’,a'] € ((L)\L*. And in
7.152, [b,a,a,a] = 0 but 7.153 has no elements o', b with [0,a’,a'] & L*, [b',d’,d', L] <
L5, [V,d,d',a'] = 0.

5.6.5 case

Let L be a descendant of 6.28. Then L is generated by a,b, L/L* is free of class 3, L*
is spanned modulo L® by [b,a,b,b] and L? is spanned by [b,a,a,a,a] and [b,a,a,a,b].
The commutator [b,a,a,b] lies in L°, and [b,a,b,b] = [b,a,a,a] modulo L°. Since L°
has dimension 1, [b,a,a,a,a] and [b,a,a,a,b] must be linearly dependant.

We consider all possible pairs of generators a',b' such that

[blaa,7alabl] € LS:
v,a,b',] = [V,d,d,a]mod LS.

It is straightforward to show that

a = aa+ BbmodL?
b = =4(Ba— ab)modL?

for some «, 3 with o + 32 # 0. We then obtain

[bl7 a,a bla bl] - [bl7 ala a,a al] = = (—(044 - /84)([6’ a, ba b] - [b? a, a, a‘]) + 40[6(0'/2 + 62)[1)7 a, a, b]) )

v,d,d,b] = aB(a®+ B*([b,a,b, b —[ba,a,a])+ (a* — B*)[b,a,a,b,
V.d,d,d,d] = £ (—a(a®+ B%)7°b,a,a a a - B(c®+ 5%, a,a,a,b)]),
V,d,d,d,b] = —B®+ B*)?b,a,a,a,a] +ala®+ 5*)?[b,a,a,a,b.

So if we have a relation
alb,a,a,a,a] + B[b,a,a,a,b) =0,

then provided a? + 32 # 0 then we can replace a,b by aa + b, Ba — ab and we then
have [b,a,a,a,a) = 0. Note that a? 4+ 32 = 0 can only occur if p = 1mod4, and we
deal with this case later.

80



So we assume that [b,a,a,a,a] =0, and that

[b,a,a,b] = A[b,a,a,aqa,b,
[b,a,b,b] — [b,a,a,a] = plb,a,a,a,b

for some A, . By scaling we may assume that A = O or 1. If A = 0 then we can
assume that g =0 or 1 by scaling, and this gives [DW.182, DW .181]

(a,b|[b,a,a,b] =1[b,a,a,a,a] =0, [b,a,b,bl = [b,a,a,al, class 5), (7.154)

{(a,b|[b,a,a,b] =1b,a,a,a,a] =0, [b,a,b,bl =b,a,a,a]+ [b,a,a,a,b], class 5).
(7.155)
And if A = 1 then replacing b by —b changes p to —p so we get (p+ 1)/2 diceerent
algebras [DW .180]

(a,b|[b,a,a,a,a] = 0, [b,a,a,b]=I[ba,a,a,b, (7.156)
[b,a,b,0] = [b,a,a,a]+ plb,a,a,a,b], cass 5) (u=0,1,2,...,(p —1)/2).

We now consider the case when p = 1mod4. In this case —1 is a square, say
—1 =n% Then replacing a by na we have

[b,a,a,b] € L°,
[b,a,b,b] = —[b,a,a,a]modL’.

As above we consider all possible pairs of generators a',b’ such that
¥,d,d,b] € L
,a,0',0] = —[t,d,d,a']mod L°.

We see that

@ = a4+ BbmodL?
V¥ = +(Ba-+ ab)modL?

for some «, 3 with a? — 32 # 0. We then obtain

[0, a0, 0]+ [V,d,d,d] = x((* =B (b a,bb]+ b a,a,a])+4aB(a® — )b, a,a,b]),
v,d,d,b'] = aB(a®— B> (b, a,b,b]+[b,a,a,a))+ (a* — )b, a,a,b],

1 = £(a(e® - B%?b,a,a,a,d] + B(e® — B%)*[b,a,a,a,b]),

| = B(a® - BH%b,a,a,a,a+ a(a’ - 5%)3*b,a,a,a,b).

[b',d',d,d a
[b',a',a a b

As above, we have a non-trivial relation

alb,a,a,a,a] + B[b,a,a,a,b] =0,
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and provided « # +/3 we can replace a,b by a', b, so that [V/,d',ad',d',a'] =0 and we
have one of the algebras 7.144 ~ 7.156. So suppose that a = £(. Replacing a by —a
if necessary we may suppose that & = —[3, so that we have the relation

[b,a,a,a,a] = [b,a,a,a,b.
We also have
[b,a,a,b] = Alb,a,a,a,aq,
[b7 a/’ b’ b] + [b7 a7 a/ﬂ a] = /’L[b’ a’ a’ a’ a]

for some A, i, where by scaling we may suppose that A = 0 or 1. If A = 0 then by
scaling we may suppose that g = 0 or 1, and this gives (for p = 1mod4) [DW.183,
and possibly DW.184 for some p]

<a‘7 b | [b: a, a, b] = 0’ [b: a,a, a, a] = [b7 a,a,a, b]7 [b7 a, b7 b] = _[b7 a, a, a]7 class 5):
(7.157)
(a,b|[b,a,a,b] = 0, b a,a,a,a]=[b,a,a,a,b (7.158)
[b,a,b,b] = —Ib,a,a,a]+ [b,a,a,a,a], class 5).
If A =1, then once again we consider possible generating pairs a’, b’ such that
[b’,a',a',a',a'] — [b',a',a',a',b’],
v,d,d, b € L,
v,d, 0,0+, d,d,a] € L°,
and the calculation given above shows that we must have
d = aa+ fbmodL?,
¥ = Ba+ abmod L.

If u # 42, and p? — 4 is a square, then we can gnd «,f with o # 43 such that
[V',d',a',b']| =0, and we are back to 7.157 or 7.158. If p = +2, or u> — 4 is not a
square, then we need

afp+ o’ + 5% = (a+ B)(” - 7)

to ensure that [0/, a’,d',b0'] = [b/,d',d’,d’,a']. But note that the left-hand side of
this equation is homogeneous of degree 2 in «, 3, whereas the right-hand side is
homogeneous of degree 3, so that we can satisfy this equation for any given ratio
a/ﬁ Assuming that this equation holds, we have

[b,,al, b,, bl] + [bl, al’ a/l’ U/,] — ,U;I[bl, U/I’al, all’ al]
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where

(@ + B)p+4ap
afu+ a? + 2
If u = +2 then p' = p. So assume that u? — 4 is not a square. We show that as a/f3
takes all ratios other than %1, then ,LL' takes on all possible values such that ,u'2 —4

is not a square. Note that the value of i/ depends only on the ratio a/f (with the
ratio 0 giving the same value as 00). It is straightforward to show that

(@ +Dp+de P+ 1)p+4y
zp+x?+1 yu+y?+1

if and only if = &2 or # = y or 2y = 1. So if pu? — 4 is not a square then u'
takes (p -+ 3)/2 diccerent values as a/f3 takes all possible ratios. (Note that if u? — 4
is a square then one of these values is 00.) However, if a/f = 1 then p' = 2 and
if a/f = —1then u' = —2. So as «a/f takes all ratios other than +1, p’ takes on
(p — 1)/2 diceerent values. Finally note that

(22 + 1)p + 4z 2_4: (22 — 1)2(p? — 4)
zp+a?+1 (xp + 2% +1)?

so that u — 4 is a square if and only if u? — 4 is a square. This implies that p ~ p'
(provided ,u' # 00) gives an equivalence relation with four equivalence classes: {2},

{=2}, {p|p? — 4 not a square}, {u|p® — 4 a square, p # 2} of sizes 1,1,(p —
1)/2,(p — 3)/2 respectively. So we obtain three further algebras (for p = 1 mod4)

(a,b|[b,a,a,b] = [b,a,a,a,a] =[b,a,a,a,b| (7.159)
[b,a,b,b] = —=Ib,a,a,a]+ plb,a,a,a,al, class 5) (u= +2).
(a,b|[b,a,a,b] = [b,a,a,a,a]=1b,a,a,a,b (7.160)
[b,a,b,b] = —[b,a,a,a]+ pb,a,a,a,a], cass 5) (4> — 4 not a square).

The two algebras 7.159 appear to be missing from David Wilkinson’s list, and 7.160
is probably DW.185, though I can’t get it to match up exactly.

Our complete analysis of generating pairs a,b’ such that a’ + L® b + L® satsify
the same relations as @ + L% b+ L? show that these algebras are all distinct.

5.6.6 case 6

Let L be a descendant of 6.29. Then L is generated by a,b, L/L* is free of class 3, L*
is spanned modulo L® by [b,a,b,b] and L® is spanned by [b,a,a,a,a] and [b,a,a,a,b].
The commutator [b,a,a,b] lies in L5 and [b,a,b,b] = w[b,a,a,a] modulo L5. Since
L5 has dimension 1, [b,a,a,a,a] and [b,a,a,a,b] must be linearly dependant.
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In a similar way to the last section we consider all possible pairs of generators

a',b' such that

¥,d,d\b] € L,
[v,d b, b] = wlb,d, d,a]modL.
It is straightforward to show that

d = aa+ fbmodL?
V¥ = 4(-~wpBa+ ab)mod L?

for some «, 8 with a? + w/3? # 0. Then
[b',ad 0,0 —wlb,d,d,d + ((a* — w?BY)([b, a, b,b] — w[b, a, a,a]) — 4afw(c® + wB?)[b, a,a, b)),
[V,d,d,b'] = aB(a®+wB?)([b,a,b, b —wb,a,a,a])+ (a* — w?B*)[b, a,a,b,

]
]
V.,d,d,d,d] = % (a(@®+wb?b,a,a,a a0+ B +wbB)’[b,a,a,a,bl]),
V,d,d,d,b] = —pw(e®+wp??b,a,a,a,a+ (e +wb??b,a,a,a,b).

So if the dependance relation between [b,a,a,a,a] and [b,a,a,a,b| is
alb,a,a,a,a] + B[b,a,a,a,b =0,

then provided o? + wfB? # 0 we can replace a,b by a',V', and then [b,a,a,a,a] =0,
and L% is spanned by [b,a,a,a,b]. (Note that a? +wfB? = 0 can only occur when
p = 3mod4. We will deal with this situation later.) We have [b,a, a,b] = A[b, a, a, a, b]
(where by scaling we can take A =0 or 1), and we have

[b,a,b,b] = wlb,a,a,a] + plb,a,a,a,b

for some .
Suppose for the moment that [b,a,a,b| = [b,a,a,a,a] =0. If let o' =va, V/ = vb,
then
[v,ad, b, 0] = v*b,a,b b =wl, d,d d]+p Y, d,d, db,
so by scaling we may suppose that 4 =0 or 1. So we have [DW.176, DW .175]
{(a,b|[b,a,a,b] =1[b,a,a,a,a] =0, [b,a,b,b] =wb,a,a,a], class 5), (7.161)

{(a,b|[b,a,a,b] =[b,a,a,a,a] =0, [b,a,b,b = wb,a,a,a]+[b,a,a,a,b], class 5).
(7.162)
Next suppose that [b,a,a,a,a] =0, [b,a,a,b] =[b,a,a,a,b]. As above we have

[b,a,b,b] = wlb, a,a,al + plb, a,a,a, b,
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and replacing b by —b we can alter the parameter p to —p. So we get (p+ 1)/2
diccerent algebras [DW.174]

(a,b|[b,a,a,a,a] = 0, [b,a,a,b]=[b,a,aqa,a,b, (7.163)
[b,a,b,b] = w[b,a,b,b]+ ulb,a,a,a,b], cass 5) (1=0,1,2,...,(p—1)/2).

Now consider the case when p = 3mod4. In this case —1 is not a square, and we
can replace w by —1. The relation

alb,a,a,a,a] + B[b,a,a,a,b] =0

can be dealt with just as above, except in the case & = £+3. So (replacing a by —a if
necessary) we suppose that

[b,a,a,a,a] = [b,a,a,a,b.
We then have[b, a,a,b] = A[b, a, a, a,a] (where by scaling we can take A =0 or 1), and
[b,a,b,b] = —[b, a,a,a] + ub,a,a,a,al

for some p.
If [b,a,a,b] = 0 then by scaling we may suppose that g =0 or 1. This gives (for
p=3mod4) [DW.177, DW.179]

{(a,b|[b,a,a,b] =0, [b,a,a,a,a] = [b,a,a,a,b][ba, b b =—[ba,a,al], class 5),
(7.157A)

(a,b|[b,a,a,b] = 0, [b,a,a,a,a] =[b,a,aqa,a,b (7.158A)
[b,a,b,b] = —Ib,a,a,a]+ [b,a,a,a,a], class 5).

Note that these algebras have the same presentations as 7.157 and 7.158, though
these are for p = 3mod4 and are descendants of 6.29, whereas 7.157 and 7.158 are
for p=1mod4 and are descendants of 6.28.

Now suppose that [b,a,a,b] = [b,a,a,a,a] and that

[b’ a’ b’ b] + [b7 a’ a7 a] = M[b’ a7 a/’ a7 a/]'
As above we consider generating pairs a’, b’ satisfying

[b,’ al’ a’? b,] E LS’
v,ad,b', ] = wb',d,d,a]modL®.

and also satisfying
/ ! ! ! ! / ! ! ! /
b',a,d,d',a'|=1[b,d,d, d, V]
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The calculations above show that

d = aa+ fbmodL?
¥ = Ba+ abmodL?,

for some o, 8 with a? # 32, Then

v,d 0,0 +[V,d,d,d] = (= BYH(b a,bb]+ b a,a, a])+4aB(c? - BHb, a,a,b],
v,d,d,b] = aB(e®— B> (b, a,b b +[b a,aa)+ (a* — b, a, a,b],
V,d',d,d,d] = ala®—B*)?b,a,a,aa+ B(®— 5%)?%b,a,a,a,bl],
] = B(a®— BH?b,a,a,a,a] + a(a® — 32)?b,a,a,a,b.

If 4 # £2, and p? — 4 is a square, then just as in the case when p = 1mod4 in
descendants of 6.28, we can gnd «, § with o # =3 such that [V/,d’,d,0'] =0, and we
are back to 7.157A or 7.158A. If y = £2, or ,u2 — 4 is not a square, then we need

afp+ o’ + 5% = (a+ B)(” - 7)

to ensure that [0',a’,d/,b'] = [V/,d',d',d',d']. Assuming that this equation holds, we
have
I:b’,al, b17 bl] + [b/’ a/17 a,’, al] — /,Ll[bI7 a’,CI,I, a/’ al]
where
,_ (@ + )+ d0p
afu+a?+ 32

If # = +2 then p' = pfor all o, B. But if u # +2 and p?—4 is not a square, then since
p=3mod4, 4 — p? is a square, and we can ¢nd «, 3, with a # £, so that u' = 0.
So we have three algebras (for p = 3mod4) [DW.178, and two algebras missing from
David Wilkinson’s list]

(a,b|[b,a,a,b] = [b,a,a,a,a]=1b,a,a,a,b (7.164)
[b,a,b,b] = —Ib,a,a,al, class 5),
(a,b|[b,a,a,b] = [b,a,a,a,a]=1b,a,a,a,b (7.159A)
[b,a,b,b] = —=I[b,a,a,a]l+ A[b,a,aqa,aqa,a], class 5) (A= +2).

Note that these last two algebras have the same presentations as those given by 7.159,
though these are for p = 3mod4 and are descendants of 6.29, whereas the algebras
given by 7.159 are for p = 1mod4 and are descendants of 6.28.

Once again, our complete analysis of generating pairs a’, b such that o'+ L5, b'+L°
satsify the same relations as a + L°, b+ L5 show that these algebras are all distinct.
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5.6.7 case 7

Let L be a descendant of 6.30. Then L is generated by a,b, and has class 6. For
i = 2,3,4,5,6, L' is spanned by [b,a,,_1b] modulo L', We have [b,a,b,b,a] =
Alb,a,b,b,b,b] and [b,a,a] = p[b,a,b,b,b,b] for some A, p. By scaling we can take
A=0or 1. f A =0 then we can take g = 0 or 1 by scaling. This gives [DW.190,
DW.191]

(a,b|[b,a,a] =[b,a,b,b,al =0, class 6), (7.165)

(a,b|[b,a,a] =1[b,a,b,b,b,b], [b,a,b,b,a] =0, class 6). (7.166)
If A=1welet ' =a-+ (u/2)[b,a,b]. Then

[b,a'] = [b,a] — (n/2)[b,a,b,b],
b,d',a'] = [b,a,a]— ulb,a,b,b,bbl =0,
[b,a’,b] = [b,a,b] — (u/2)[b,a,b,b,b],
b, b,b] = [b,a,b,b] — (1/2)[b,a,b,b,b, b,
[b,a’,b,b,b] = [b,a,b,b,b|,
b, b,b,b,8] = [ba,b,b,b,b],
[

[b,d',b,b,a'] = [b,a,b,b,a] =[b,a,b,b,b,b.

So replacing a by a’ we have [DW.192]
{a,b|[b,a,a] =0, [b,a,b,b,al =[b,a,b,b,b,b], class 6). (7.167)

In 7.165 the centralizer of the derived algebra has dimension 6, in 7.166 it has
dimension 5, and in 7.167 it has dimension 3. So these algebras are all diccerent.

5.6.8 case 8

Let L be a descendant of 6.31. Then L is generated by a,b, and has class 6. And,
as in the case above, for 1 = 2,3,4,5,6, L' is spanned by [b,a, 1 b] modulo L. We
have [b,a,b,b,a] = Alb,a,b,b,b,b] and [b,a,a] = [b,a,b,b,b] + ulb,a,b,b,b,b] for some
A, jt. By scaling we can take A =0 or 1. If A = 0 then by scaling we can take =0
or 1. This gives [DW.194, DW .193]

{(a,b|[b,a,a] =[b,a,b,bb], [ba,b,b,al =0, class 6), (7.168)

(a,b|[b,a,a]l =1[b,a,b,b,b]l + [b,a,b,b,b,bl], [b,a,b,b,a] =0, class 6). (7.169)
If A =1 then, just as in the last case we let @' = a + (u/2)[b,a,b]. Then
[b’ al] = [b’ a’] - (N/Q)[ba a, b’ b]>

[b,d',d'] = [b,a,a] — pu[b,a,b,b,b,b] =[b,a,b,b,b|,
[b,a’,b] = [b,a,b] — (u/2)[b,a,b,b,bl,
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b, b,b] = [ba,b,b] — (/2)[b,a,b,b,b,0b],
b,a',b,b,8 = [ba,b,b,b,
b,d',b,b,b,8] = [b,a,b,b,b,b],
[b,d',b,b,d'] = [b,a,b,b,a] =[b,a,b,b,b,b.

So replacing a by a' we have [DW.195]
(a,b|[b,a,a] =1[b,a,b,b,b], [b,a,b,b,a] =[b,a,b,b,b,b], class 6). (7.170)

In 7.168 and 7.69 the centralizer of the derived algebra has dimension 5, but in
7.170 it has dimension 3. To show that 7.168 and 7.169 are distinct we consider all
possible pairs a', b’ of generators of 7.168 with the property that a'+ L% &'+ L5 satisfy
the same relations as a + L% b+ L°. If easy to see that

a = a3a+g,

b = Ba+ab+h

for some o, 3 with o # 0 and for some ¢, h € L?. And then it is straightforward to
show that
[b,d,d]=1[V,d 0,0, 0], [b,d V0, d]=0,

so 7.168 is not isomorphic to 7.169.

5.6.9 case 9

Let L be a descendant of 6.33. Then L is generated by a,b, and has class 6. And,
as in the case above, for 1 = 2,3,4,5,6, L' is spanned by [b,a,_1 b] modulo L', We
have [b,a,b,b,a] = Alb,a,b,b,b,b] and [b,a,a] = [b,a,b,b] + plb,a,b,b,b,b] for some
A, i1. First consider the case when A # 1. Let @' = a + alb,a,b]. Then

[b,d'] = [b,a] — alb,a,b,b],
b,d,d'] = [ba,a]+ 2a(l—N)[b,a,b,b,b,b
= [b,a,b,b] + (2a — 2a\ + p)[b, a, b, b, b, b],
[b,a',b] = [b,a,b] —alb,a,b,b,b],
b,d',b,b] = [b,a,b b —alb,a,b,b,bbl,
b,d,b,b,8 = [ba,b,b,b],
b,d,b,b,b,b] = [b,a,b,b,b,0],

[b,a',b,b,a'] = [b,a,b,b,al =\b,a,b,b,b,b|.

So if we take a = p(2 — 2X)"! and replace a by a’ we have p — 1 algebras [DW .196]

(a,b| [b,a,a] = [b,a,b,bl, [b,a,b,b,al = \[b,a,b,b,b,b], class 6) (A #1). (7.171)
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Next consider the case when X\ = 1. If we let a' = o?a, b' = ab for some a # 0,
then

[v,d b, a'] = a'[b,a,bb,a]=a’ba,b, bbbl =I[b,d, b bbb,
)a'ia’ = Of ’0’70/ :Of 70/) ) +O&,U: ?a) ) b )
v,d,d °Th b, a,b,b >ulb,a,b,b,b,b
= 70/’ b +a— /’1’ 70/’ b b b -
bl ! bl bl 2 bl ! bl bl bl bl
So we may assume that g = 0,1, or w, which gives [DW.197, DW.198, DW .199]

<CL, b | [b7 a, CL] = [ba a, ba b] + /’l'[b’ a, ba ba ba b]a (7'172)
[b,a,b,b,al [b,a,b,b,b,b], class 6) (u=0,1,w).

As in the previous case we show that these algebras are distinct by considering
all possible generating pairs a', b such that a’ + L5 b + L°® satisfy the same relations
as a+ L5 b+ L5 It is straightforward to see that

!
a = a2a+g,

bV = ab+h

for some o with « # 0 and for some g, h € L?. And then it is straightforward to show
that

W, d, b0, ] = af[b,a,b,b,b,b],
[V,d,b,b,a'] = a’[b,a,b,b,a,

so diceerent values of A give diceerent algebras. When A = 1 then we can show that
v,d,d]—[,d, Vb =a°(ba,a — [ba,b,b)),

so 4 =0,1, or w give diceerent algebras.
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